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Algebras

Let X be a nonempty set, and let P(X) be its power set.

Algebra
An algebra of sets on X is a collection A C P(X) that satisfies
Q A#0.
@ If E € A, then E€ € A (closed under complements).
Q If E1,Ey, ..., Ey € A, then UJN:1 E; € A (closed under finite unions).

v

Example
A ={0,X,E,E} is an algebra.
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o-Algebras

o-Algebra
A o-algebra of sets on X is a collection A C P(X) that satisfies

Q A#0.

@ If E € A, then E€ € A, (closed under complements).

Q If E1, B, ... € A, then [JZ, Ej € A, (closed under infinite unions).
The pair (X, .A) is then called a measurable space.

Examples

e If X is any set then {(), X} and P(X) are o-algebras.
o If X is uncountable, then

A={E C X : E is countable or E is countable}

is o-algebra of countable and co-countable sets.
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Basic concepts of measure theory

Remarks

@ Algebras (resp. o-algebras) are also closed under finite (resp.

countable) intersections, since (Uj’il E) = N2 Ef-

o If Ais an algebra, then ) € A and X € A. Take E € A # (), then
E€ c A, and consequently ) = ENE° € Aand X = EUE° € A.

@ An algebra A is a o-algebra provided it is closed under countable
disjoint unions. Indeed, let F; = E; and

k—1

k—1 c
Fk:Ek\<UEj>:Ekﬁ<UEj> forany ke N.
j=1

j=1

Then the Fj's belong to A and are disjoint, and
Je=UF
j=1 j=1

@ The intersection of any family of o-algebras on X is again a o-algebra.
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o-algebras generated by £

o-algebra generated by £
If £ C P(X), then
o(€) = N A

ADE
A is a o-algebra

is the smallest o-algebra containing £.

@ 0(€) is called the o-algebra generated by £ and is unique.

Example

The family & = {{x} : x € X} generates

0(€) ={E C X : E is countable or E€ is countable}.
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Basic concepts of measure theory

Lemma

Lemma

If £ C o(F), then o(&) C o(F).

Proof.
We know that

o(€) = N  ACo(F)
ADE
A is a o-algebra

It is also easy to see that o(£) = o(0(E)). Indeed,

doE)= () ACo(E) Calol))
ADo(€)
A is a o-algebra
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Borel sets and F, and Gj sets

Borel sets

If X is any metric space, or more generally any topological space, the
o-algebra generated by the family of open sets in X (or, equivalently, by
the family of closed sets in X) is called the Borel o-algebra on X and is
denoted by

Bor(X) C P(X).

Its members are called Borel sets.

Fo, and Gj sets
@ A countable intersection of open sets is called a Gj set.
@ A countable union of closed sets is called an F, set.

© A countable union of Gj set is called a G, set.

@ A countable intersection of F, sets is called an F,; sets.

v
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Basic concepts of measure theory

Proposition

Proposition

Bor(R) is generated by each of the following:

© the open intervals: & = {(a,b) : a < b};
@ the closed intervals: & = {[a, b] : a < b};
© the half-open intervals:

& ={(ab]:a<b} or & ={[ab):a<b};
@ the open rays:
& =1{(a,0):ac€R} or & ={(-00,a):acR};

© the closed rays:

& ={[a,00):acR} or & ={(~00,a]:acR}.
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Basic concepts of measure theory

Product o-algebra

Product o-algebra

Let (Xa)aea be an indexed collection of nonempty sets, X =[] ca Xa,
and m, : X — X, the coordinate maps. If A, is a o-algebra on X, for
each « € A, the product c-algebra on X is the o-algebra generated by

{7 Es] : Ea € Aa, o € A}
We denote this o-algebra by ®aeA A,. In other words,

Q) Ao =0 ({r; [Ea] : Ea € Aa, a € A}).

a€cA

If A={1,...,n}, we write 41 @ Ar ® ... ® A,.
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Proposition

Proposition

If Ais countable, then Q)4 Aq is the o-algebra generated by

{]] Es: Ea € Au}.

a€cA

Proof. Let
E={n ' Es] : En € Ay, o € A},
and

F={]] Ex:Eac A}

a€cA
By the definition o(€) = @ ,ca Aa-

@ We first show that £ C F C o(F), this will imply o(€) C o(F).
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Proof

Indeed, if 7;1[E,] € & for some o € A and E,, € A,, then

7T<;1[Ea] = H Eg,

BEA

where Eg = Xj for a # 3. Thus 7 [E,] € F as desired.

e We now show that o(F) C o(&). Is suffices to prove that F C o(£).

Note that
Fo [ Ea= )7 [Ea] € 0(E).
acA acA
The fact that A is countable, is essential in the argument. O
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Proposition

Proposition

Suppose that A, = 0(&,) for any o € A. Then &), 4 A is generated by
Fi={n Y Es] : En € Ea, a € A}

If Ais countable and X, € &, for any a € A, then )4 Aq is generated
by

Fo={]] Er: Ea€&a}.

acA

Proof. We have

o(F1) Co ({my [Ea] : Ea € Aa, @ € A}) = (X) A
a€EA
We have to prove that @ .4 Aa € o(F1).
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Proof

@ For each a € A, consider the collection
Go = {E C X, : 7, [E] € 0(F1)}.
@ By the definition of 77 we have &, C G, since
o [E] € o(F1)

forall E€ &, and a € A.
@ One can easily show that G, is a o-algebra on X,.

@ Hence G, is a o-algebra containing &, thus A, = 0(&,) C G, for all
a €A, so {r;E.] : Ex € Aa, a € A} C o(F1) and consequently

®-Aa =0 ({W;I[Ea] E, e Ay, a € A}) C o(F1)
acA

as claimed. ]
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Proposition

Proposition

Let Xi,..., Xy be metric spaces and let X = Hszl X; be equipped with
the product metric. Then

® Bor(X;) C Bor(X).

If the Xj's are separable, then

® Bor(X;) = Bor(X).
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Basic concepts of measure theory

Semi-algebras

Semi-algebras

A semi-algebra of sets on X is a collection Z C P(X) such that
Q0e1z,

Q@ ifE,Fel then ENF €T,
@ if E € Z, then E€ is a finite disjoint union of members of Z.

Examples

@ A family containing (), R and all closed-open intervals [a, b) with
—o00 < a< b< oo is a semi-algebra.

o If we consider two measurable spaces (X,.A) and (Y, B) then the set
AxB={AxB:A¢c Aand B € B} is a semi-algebra.
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Basic concepts of measure theory

Proposition

Proposition

If Z is a semi-algebra, the collection A of finite disjoint unions of members
of Z is an algebra.

Proof. If A, B € A we first show that AU B € A. Note that

J

B =G,

j=1

where C; € T are disjoint. Then

J
A\B:UAerA

j=1
thus AUB=(A\B)UB € A.
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Proof

@ By induction one can easily show that if A1, A, ..., A, € A, then

U AJ' c A
j=1

@ We now show that if A € A, then A € A. If A€ A, then it can be
represented as a disjoint union of the elements from Z, i.e.

A=A UAU...UA,,

where A1, A, ..., Ay € Z and
Im )
A, = B
j=1

for every m = 1,2, ..., n with disjoint members B}, ... Blm of T.
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Proof

Finally, one sees that

a = (

h b

Im
~UuU-—U (B{lmem...mB{;"),

a=lp=1  jm=1
where the last sum is disjoint. Thus A is an algebra as claimed. O
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