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Index function

Index function

For a€ C and a ¢ ~*, we write

|nd7(a):271“_/ %z 4

72—3

and Ind,(a) is called the index of a with respect to 7. This is also called
the winding number of a with respect to ~.

Theorem
For a closed path v and Q = C\v*, we have

Indy(a) €eZ for acq.

Further Ind,(a) is constant on each region of Q2 determined by ~ and it is
equal to zero on the unbounded region of Q) determined by .
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Index function

Index function

Proof: By definition
1 1 1 [P ()
Ind = — dz=— | ——=——dt
nd»(2) 27ri/72—az 2ri Jo (t)—a
where v : [, B] = C is a closed path so that v(t) # a for t € [a, (]

@ We consider . /( )
y(t
h(t :/ ——dt
O= ] 50-3

e We prove that h() is a multiple of 27/ and this implies Ind,(a) € Z.
@ Since ~y(t) is piecewise continuously differentiable, the integral on the
right exists for t € [«, B]. Further h(t) is continuous on [a, (] and

v - 0
() —a
for all but finitely many t € [«, 5].
@ Now we observe that the derivative of e~"(!)(~(t) — a) vanishes for all
but finitely many t € [«, A].
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Index function

Index function

o This implies that e~ "(*)(~(t) — a) = c € C for t € [a, ], where c is a
constant, since the function on the left is continuous in [, 3].
@ By putting t = a and t = 3, we have

e "I (y(a) — a) = e "O)((8) — a),

which implies e"(®) = 1, since y(a) = v(B), a ¢ v* and h(a) = 0.
@ Thus the function Ind,(z) is integer valued on € and continuous.
@ Therefore for any component C of Q, we see that Ind,(C) is a
connected set of integers and hence it consists of a single element.
@ Next we take z in the unbounded region such that % > |a| and
2] > X9 Then |z —a| > |2 — |a| > 2 and
12
Ind < ——4(y) <1
I (2)] < 540
@ This implies Indy(z) = 0 on the unbounded region, since Ind,(z) € Z
and constant on the unbounded region as already proved. O
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Index function

Remarks

@ If v is a closed curve in C and a is a point not lying on v*, then we
may calculate the number of times the curve v winds around a by
looking at the change of argument of the quantity z — a as z travels
on v*. Every time ~* loops around a, the quantity (1/27)arg(z — a)
increases (or decreases) by 1.

@ When we define a complex logarithm function we will be able to
explain geometrically that Ind.(a) represents the number of times the
curve v wraps around a. That is why it is also called the winding
number of + around a.
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Index function

Index for positively oriented circles

Theorem

If v is the positively oriented circle with center at a and radius r, then

Ind.(2) 1, iflz—a|l<r,
nd,(z) =
K 0, iflz—a|l>r.

Proof: Let '
y(t):=a+re", 0<t<2m,

By the previous theorem it is enough to compute Ind,(a), then

1 dz r am

2ri

= o (re"t)_1 etdt = 1. O
v Z— a ™ Jo

(MATH 503, FALL 2025) Lecture 4 September 15, 2025 6/27



Index function

Primitive functions

Definition
Suppose that f : Q — C is a function on the open set Q2. A primitive for
f on Q is a function F that is holomorphic on € and such that

F'(z)=f(z) forall zeQ.

Theorem

If a continuous function f : Q — C has a primitive F in €, and v is a
curve in ) that begins at wi and ends at w», then

/ f(z)dz = F (wp) — F (wy).
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Index function

Primitive functions

Proof: If v is a continuously differentiable curve, the proof is a simple
application of the chain rule and the fundamental theorem of calculus.
o Indeed, if z(t) : [a, b] — C is a parametrization for 7, then z(a) = wy
and z(b) = wp, and we have

b
f(z)dz = f(z(t))Z'(t)d
| = [ ) e
b
- / F/(2(t))7(¢)dt
ab d
—/a ©F(2(6))dt = F(2(b)) - F(2(a)).

o If v is only a piecewise continuously differentiable curve, then it can
be expressed in the form v = 1 4 ... 4 Yk, where each 7; is a
continuously differentiable curve. We can then apply the previous
result to each v;, and we are done. O
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Index function

Primitive functions

Corollary

If v is a closed curve in an open set €, and f : Q — C is continuous and
has a primitive in Q, then

/ f(z)dz = 0.

Proof: This is evident since the endpoints of a closed curve coincide. [

Example

The function f(z) = 1/z does not have a primitive in the open set
C\ {0}, since if C is the unit circle parametrized by z(t) = e, with
0 <t < 2w, we have

27 I'eit
/ f(z)dz:/ —dt =2mi # 0.
C o ¢
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Index function

Primitive functions

Corollary

If f is holomorphic in a region Q and f' = 0, then f is constant.

Proof: Fix a point wy € Q.
o It suffices to show that f(w) = f (wp) for all w € Q.

@ Since  is connected, for any w € £, there exists a curve 7 which
joins wy to w. Since f is clearly a primitive for f/, we have

/ f'(z)dz = f(w) — f (wp) .
v

@ By assumption, ' = 0 so the integral on the left is 0, and we
conclude that f(w) = f (wp) as desired.
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Local Cauchy theorem

Cauchy—Goursat theorem

Theorem

Let Q C C be open and let /\ be a closed triangle in Q and p € Q. Let f
be continuous in Q and holomorphic in Q\{p}. Then

/M f(z)dz = 0,

where O\ denotes the boundary of /.

Remark

This theorem implies that

Lf(z)dz

for all triangular paths in an open set Q whenever f € H(2). Hence, we
say that the Cauchy theorem is valid for all triangular paths in €.
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Local Cauchy theorem

Cauchy—Goursat theorem

Proof: Let A = A(A, B, C) be a triangle in Q with vertices A, B and C.
o Put J= [,, f(z)dz.
o Let L be the length of 0A and write Ay = A.

e Let D, E, F be the midpoints of [A, B], [B, C] and [C, A], respectively,
and consider the four triangles arising from joining these midpoints:

Doy = A(A,D,F), Ag=A(D,B,E), Dos=A(F,E,C)
Aos = A(E, F, D).

@ Then

J= f@¢_2/

oA aA01

and the length of 0/\y; is equal to 27 1L for 1 < i < 4.
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Local Cauchy theorem
Cauchy—Goursat theorem
Ao = A(A, B, C),

A

N
PavaN

AOle(AaD,F)7 AOZZA(DaBaE)7 A03:A(":,E7C)
Nos = A(E, F, D).
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Local Cauchy theorem

Cauchy—Goursat theorem
@ By the pigeonhole principle there exists ig with 1 < iy < 4 such that

/8A,- f(z)dz

> 471

Then set A\ = Ao,‘o.
@ Proceeding similarly, we obtain a sequence of triangles

ADAND...DA,D...

such that

f(z)dz| >47"|J| for n>0,

(2N
and the length of 9/, is equal to 27"L.
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Local Cauchy theorem

Cauchy—Goursat theorem

@ By the compactness we have
() 20 # 0.
n>0

@ Therefore, there exists zg such that zp € A, for every n > 0.

o First, we consider the case p ¢ A.

@ We observe that f(z) is holomorphic at zy since p # zy. Then for
g > 0 there exists § > 0 depending only on € such that

‘f(z)—f(zo)—f’(zo)(z—zo)‘ <elz— z] (X)

whenever |z — z| < 6.
@ Since faA,, zdz = 0 for any m,n > 0, we have

/ f(z)dz = / (f(z) —f(z0) — f'(20) (z — zo)) dz (Y)
AN [sJANY

for any n > 0.
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Local Cauchy theorem

Cauchy—Goursat theorem

@ Let ng € N be the smallest positive integer such that 27 L < §.
@ Then for z € Ay, we have |z — z| <27™L < 4.

@ Now we use (X) to estimate the absolute value of the integral on the
right-hand side of (YY) with n = ng and obtain

/@ | fla)d

@ Using the lower bound for (Z) with n = ng, we obtaun |J| < 2.

<e4mm2, (2)

@ This is true for every € > 0 and hence J = 0.

@ Thus we may suppose that p € A. Let A = A(A, B, C) be a triangle
formed by ordered triple A, B, C.

@ First we prove that J = 0 when p is a vertex of A\, say p = A.

@ We may assume that A, B and C are not colinear otherwise the
assertion follows immediately.
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Local Cauchy theorem

Cauchy—Goursat theorem

@ Let € > 0 and take x € [A, B],y € [A, C] so that |[x — A| < € and
ly — Al < e. We observe that

J= f(z)dz +/ f(z)dz +/ f(z)dz.
OA(Ax,y) OA(x,B,y) OA(B,C,y)

@ Further, the last two integrals are equal to zero since a does not lie in
triangles A(x, B,y) and A(B, C,y).

@ Since f is continuous on compact set A(A, x, y), we observe that
K = sup,ca(axy) | f(2)] < oo. Therefore,

/ f(z)dz
ON(Ax,y)

@ Now it remains to show that J = 0 when p is not a vertex of AA. Then

J= f(z)dz +/ f(z)dz +/ f(z)dz
AN (A,B,p) AN(B,C,p) A(C,A,p)

and, as proved above, all the integrals are zero. Hence J = 0. O
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Cauchy’s theorem for convex sets
Theorem

Let Q C C be a convex open set and p € €. Let f be continuous in  and
holomorphic in Q\{p}. Then f has a primitive in Q and

Aﬂ@&:o

for any closed path ~ in Q. In particular, f € H(Q).

Corollary (The Cauchy theorem for open convex sets)

Let y be a closed path in an open convex set Q C C and f € H(QQ). Then

Laawzm

and f has a primitive function in 2.
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Local Cauchy theorem

Cauchy’s theorem for convex sets
@ Let [p, z] denotes the line joining from p to z, and consider
F(z) :/[ ]f(g)dg‘ for zeQ.
Pz
@ Observe that [p, z] C Q since Q is convex. Let zp € , then

F@) - Fa) = [ fQdc- [ Qe

[p,2] [p,20]

= /[] 7(Q)dc

by the Cauchy—Goursat theorem, since

= f(O)d¢ = f(O)d f(O)d f(O)d
0 /8 o fQdc= [ r0dc /[] (O)d¢ + /[ZW] (©)d¢

- / fodc— [ fode— [ fodc
[p,2] [p,z0]

[ZO 7Z]
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Local Cauchy theorem

Cauchy’s theorem for convex sets

@ Hence, we obtain

F@) = Fz0) _ppy = 1 /[ (O~ F (@) &

Z— 2 Z— 2

@ Let £ > 0. Since f is continuous at z, there exists § > 0 such that
|f(¢) — f (20)| < € whenever |z — zy| < 6. Thus

F(z) = F(2)

z— 2

—f(Zo) <e

whenever |z — z| < 9.

e This implies that F is analytic at zg and F'(z) = f (z). Since zj is
an arbitrary point of Q, we have F € H(Q2) and f = F" in Q.

@ Moreover, f7 f(z)dz = 0, since f has a primitive F in Q. O
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Local Cauchy theorem

Remarks

@ The Cauchy theorem can be proved in all the regions illustrated
below, even though some of them are not convex. Explain why?

@ Rectangular keyhole

The multiple keyhole

AR aeh

Semicircle Indented semicircle
Sector Parallelogram
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Local Cauchy theorem

Example

@ We show that if £ € R, then

oo
e ¢ :/ e~ ™ g 2mixE gy
—0o0
o If £ =0, we know that ffooo e ™ dx = 1.
@ Now suppose that £ > 0, and consider the function f(z) = e 7,
which is entire, and in particular holomorphic in the interior of the

contour YR given here

—R+i€ R+ i€

~R . R
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Local Cauchy theorem

Example

@ The contour g is a rectangle with vertices R, R+ i§, —R + i, —R
and the positive counterclockwise orientation. By Cauchy’s theorem,

/ f(z)dz = 0.

@ The integral over the real segment is simply

R 2
/ e ™ dx
-R

which converges to 1 as R — oc.

@ The integral on the vertical side on the right is

3 ¢ .
/(R) = / f(R + Iy)ldy = / e_ﬂ(R2+21Ry_y2)l'dy,
0 0
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Local Cauchy theorem

Example

@ This integral goes to 0 as R — oo since £ is fixed and we may
estimate it by
II(R)| < Ce™™F".
o Similarly, the integral over the vertical segment on the left also goes
to 0 as R — oo for the same reasons.
@ Finally, the integral over the horizontal segment on top is

-R R
/ e—ﬁ(x+i§)2 dx = _e71'§2 / e—ﬂxze—27rix§dx.
R -R

@ Therefore, we find in the limit as R — oo that
0=1-—¢"¢ /OO o™X @ 2miXE gy
— o0
as desired.

@ In the case £ < 0, we then consider the symmetric rectangle, in the
lower half-plane.
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Local Cauchy theorem

Example

@ Another classical example is

/"Ol—cosx T
0 X 2

o Here we consider the function f(z) = (1 — e”?) /2%, and we integrate
over the indented semicircle in the upper half-plane positioned on the
x-axis, as here

—R —€ € R
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Example

o If we denote by v;"and ~}the semicircles of radii € and R with

negative and positive orientations respectively, Cauchy’s theorem gives

—el_eix 1_eiz Rl_eix l_eiz
/ 2dx—i—/ 2dz—i—/ 2dx+/ 5
R X Nz . X v

V4

@ First we let R — oo and observe that

so the integral over 'y;; goes to zero.

@ Therefore ) )
1 _ alX 1 _ alz
/ 726dx = —/ 2e dz.
Ix[>e X v 2
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Example
@ Next, note that )
—iz
f(z)=—5 +E(z
(2) = —5 +E(2)

where E(z) is bounded as z — 0.

e On yFwe have z = ce’? and dz = ice’®df. Thus

1— eiz 0
dz— [ (—i)dd=—-m as e—0.
vz ™

o Taking real parts then yields

o0 1—cosxd
—FaX = T.
%2

—0o0

@ Since the integrand is even, the desired formula is proved.
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