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Stirling formula

Corollary

Let 0 < § < m, then for any z € C so that |argz| < m — §, we have

1 1
logl'(z) = (z — 2) logz —z + 5 log 27 4+ O(|z|™Y),

and also

1
—logz— — + O(|z| 2
ogz — >+ 0(|2| )

uniformly as |z| — oo, where logarithm has principal value, and the
implicit constant depend at most on §.
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Expansion of logarithmic derivative of (
Lemma

Let s =0 + it with —1 < 0 < 2 and t not equal to an ordinate of a zero
of ((s). Then we have

g((ss)) T s i 1 Z Slp + O(log(|t] + 3)),

pilt—Im p|<1

where the summation runs through all the non-trivial zeros of ((s).

Proof: Recall that &(s) = s(s — 1)m~5/2I'(s/2)((s). Set 7 = |t| + 3.
@ The logarithmic differentiation yields
§'(s)

_ 1 1 _ 17
o) - +Zp:<s—p+,0>’ where b= log(2y/7) — 1 >

where the summation runs through all zeros p = 3 + iy of £(s),

which are exactly the non-trivial zeros of ((s).
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Expansion of logarithmic derivative of (

@ Moreover, the above sum is absolutely convergent, since
)
> ol < o0,
P

as £ is an entire function of order 1.
o Now using the definition of £(s) = s(s — 1)m—5/2[(s/2)¢(s), we have
g(s) 1 N 1 log 7 N ¢'(s) N 1IM(s/2)

€(s) s s—1 2 C(s)  2T(s/2)"

@ By the logarithmic differentiation of I'(s), we obtain

M) 1 S 1 1
_F(s) _s+7+nz_;<n+s_n>’

since

r R (1 7) s/n_
(s)=s""e ,,|:|1 t) e
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Expansion of logarithmic derivative of (

@ Therefore, we may write

¢(s) 1 Iogﬂ 1 1 1
¢(s) o1 Z 2n+s 2n +b+; s—p+p ’
o Note that
1 1 1 1
Z 2n+s—2n‘—0(log7), and Z
1<n<Tt

5]
——|=0(—|.
= 2n+s  2n (T

@ Therefore, we can write that

¢'(s) 1 1 1 *
g(s) i + Ep (S p+p> —|—O(|Og7’). ( )
@ Notice that
"2+ Z A(n
252 + /:)) = r(72) o).

n=1
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Expansion of logarithmic derivative of (

e Applying (*) with s = 2 + jt and using the previous bound, we obtain

‘Zp: (2+i_p + ;) ’ = O(log 7).

o Adding and subtracting the sum >_ (

2+:t o %) from (*), we obtain

('(s) 1 1 1
((s) __S—1+§p:(5_p_2+it_p> + O(log 7).

@ Note that the zero p = 3 + iv, satisfies

1 B 2-8 1
(rmi=s) ~ e e ey 2

1N _ B
Re(p) T
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Expansion of logarithmic derivative of (

@ Therefore, we obtain

Z4+4<i-y) < R<Z (=5 + ) ) = Ots)

@ This immediately implies that
2
1< —— = Ol .
Z - Z 1+ (t—1Imp)? (log 7)
[1Im p—t|<1 [1m p—t|<1

@ In other words, the number of zeros p in the strip t <Imp <t+1is
at most O(log 7) for any t > 2.

@ By the previous observation we see that

1
3 m:o( 3 1):O(Iog7). (**)

pilt—I<1 pilt—I<1
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Expansion of logarithmic derivative of (

@ By the previous observation we also have

2.

pilt—~|>1

1 1
_ — O( ook
s—» 25—, Cloe7) (%)

® In order to see (***), we split 3° 1, o1 =D kez, Do pke|t—n|<kil
and observe, arguing as in (**), that for each k € Z_ the number of
zeros p obeying k < [t —v| < k+ 1 is at most O(log(7+ k)). Now let
k € Z4 and consider the zeros p satisfying k < |y — t| < k+ 1. Since

1 1 2—o0 3 3

_ - < <=
s—p 2+it—p| |(s—p)2+it—p) " |y—tP? " K

we infer that the contribution from the sum Zp:k<|t—’y‘<k+1 is at
most O(k=2log(7 + k)). Summing over k € Z, we obtain (***).
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Expansion of logarithmic derivative of (

e Finally, combining (**) and (***) with
ds) 1 11

we obtain

¢'(s) 1 1
— = — — 4+ 0/
[t—Im p|<1
as desired. ]
From the proof of the previous lemma, we obtain the following result.

Corollary

For every real number T > 2 the number of nontrivial zeros p of the zeta
function ( satisfying T <Imp < T 41 is at most O(log T).
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Expansion of logarithmic derivative of (

Corollary

Let s = o + it and assume that |s +2m| > 1/2 for every m € N. Then

_2’((55)) T s i 1 > S_lp + O(log(|t| + 3)),

pilt—Im p|<1

where the summation runs through all the non-trivial zeros of ((s).

Proof: By the functional equation

¢(s) = 2575 Lsin (%) (1 —s)C(1—s),

and the logarithmic differentiation, we have

¢'(s) B T s Mi-s) ¢'(1-5s)
() log(2m) + 5 cot (7) TTa—s) C(1-9)
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Expansion of logarithmic derivative of (

@ Except for the logarithmic derivative of the gamma function, the
terms on the right-hand side are uniformly bounded in the half plane
Res < —1 after removing neighborhoods is |s —2m| < 1/2 of the
even integers 2m, these being poles of cot(rs/2).

@ Then by Stirling’s formula for Res < —1, we obtain

¢'(s) : r1—s)
= O(log(1+s|)), since |———|= O(log(1l+|s|)).
S| = Ollog(L+[s)) Fi oy | = OlloB(1+ 1)
@ For Res > 2, we have
¢'(s)
=0(1
(o]~ oW
@ Also if Res < —1 or Res > 2, then we have
1 1
— Y —— =0(log(]t| +3)).
s—1 s—p
pi|t—Imp|<1
@ If we combine this with the previous lemma the proof follows. O
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N
Some quantitative bounds

Corollary

For every real number T > 2, there exists T' € [T, T + 1] such that,
uniformly for —1 < o < 2, we have

(o +iT")

o) = O(log? T).

Proof: We subdivide [T, T + 1] into O(log T) equal parts of length
c/log T, where ¢ > 0 is chosen so that the number of parts exceeds the
number of zeros.

@ By the Dirichlet pigeonhole principle, we deduce that there is a part
that contains no zeros. Hence for T’ lying in this part, we must have
|T"—~| > c’/log T for some ¢’ > 0.

@ We infer that each summand in the previous lemma is O(log T) and
since there are O(log T) summands by the previous corollary, we
obtain the desired estimate. This completes the proof. O
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Zero-free region estimates

Theorem (de la Vallée Poussin)

There exists an absolute constant C > 0 such that ((s) has no zero
p = B+ i satisfying
C

1—- — .
P2 e+ 2)

(*)

Proof: At the point s = 1 the zeta function ((s) has a pole, and so there
exists ¢; € Ry so that ((s) has no zeros in the domain |s — 1| < 2¢;. Thus
if p =+ i~y is a nontrivial zero of £(s) then |p — 1| > 2¢;. If |y] < ¢,
thenl - 83> ¢ > 4|§1g2 > 4log(°|}y|+2) implying (*) with C = ¢; /4.
e We now fix a particular zero pg = o + ivo of {(s) such that || > c1.
@ Suppose that s = o + it with ¢ > 1. Taking real parts we obtain

—Re< ) Z/\ n~° cos(t log n).
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Zero-free region estimates

@ Since 3 +4cosf + cos20 = 2(1 + cos#)? > 0 for any § € R, we have

SO (L0 (S0 g

¢(0) C(o + it) C(o +2it)
@ Since ((s) has a pole of residue 1 at s =1, we have
(o) _ 1
o) o1 + O(1).

@ We consider s = o + it with t = 7. Since || > ¢1 > 0, we have

C'(U+/’Yo)> 1

“Re (220N o R

e<C(U+i~yO) < e7§<1(0_5)+i(%_7)
+ o |Og(”)/o‘ +2)

-1
< ——— +alog (|l +2),
(o — Bo)
by proceeding as in the previous lemma.
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Zero-free region estimates

@ Similarly, we have

B CI (O'—I-Zi’yo)
e <<(a+2wo)

@ Inserting these three estimates into (**), we deduce that for o close
to 1,

> < czlog (Jvo| +2) .

4(0 —Bo) ™ =3(0 = 1)7! < ey log (|o| +2)

@ Choosing o0 =1+ W, we obtain

1
14cy |Og (”yo’ + 2) ’

Bo<1-—

which establishes (*) when || > c;. O
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Important estimates

Lemma
Let k, T, T" € Ry be given, and consider the following function

if x € (1,00),
ifx=1,
if x € (0,1).

h(x) =

O N =

o Ifx#1, then

1 K+iT
‘h(x) - / XS%

x" 1 1
. <o\ =+t= -
27i J i ~ 27|logx| \ T T’

h(1) 1 /H"T ds| _ s
27Ti k—iT S - T+/€
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Important estimates

Proof: Consider first the case when x > 1.
o Let k be a sufficiently large integer and let Ry denote the rectangle
with vertices k — iT' )k +iT, k —k+ T,k — k —iT’.
@ Since 0 belongs to the interior of Ry. By the Cauchy theorem, we

may write

i, xsf =1= h(x).
2mi Ry S

@ Now we have the following upper bounds

k—k+iT
/ x°stds
k+IT
k—iT’
/ xs1ds| <
K—k—iT’

/“ xYdu < x"
T Jr—k (U2 (T")2)1/2 = T'|log x|’

K—k—iT’
/ x°s 1ds
k—kiT
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< /“ xYdu < x*
T Sk (U2 4+ T2)1/2 = Tllogx|’

Kk—k

(T+T).

X
<
k—=&r



Important estimates

@ The case 0 < x < 1 can be dealt with in a symmetric way, applying
the same argument with k replaced by —k. We omit the details.

@ When x = 1, we simply note that
1 K+iT 1 1

2 ) s7lds = %(arg(/ﬁ—iT) —arg(k—1iT)) = - arctan(T/k).

@ The stated upper bound is now immediate from the following bounds

0<E arctan —/OO dt <i
_2 .y_y 1+t2_1+y7

which is valid for all y > 0.

O

@ This concludes the proof of the lemma.
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]
Perron truncated formula
o Let
F(s) = Z bpn™?,
n=1

be a Dirichlet series with abscissa of convergence 0. and abscissa of
absolute convergence o,.

Theorem (First effective Perron formula)
For k > max{0,0,}, T > 1 and x > 1, we have
K+IT ds

> by :217”/ R

1<n<x k—IT

K .- ’bn’
+0 (x nz:l ns(1+ T| |og(x/n)!)> '
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Perron truncated formula

o It suffices to show that, for any fixed £ > 0, and uniformly for
y >0, T >0, we have that

1 K+iT
- [

= = O(y"/(1+ Tllogyl). (%)
—iT

@ Indeed, for K > max{0,0,}, T > 1 and x > 1, we have
1 Kk+IiT 0 1 Kk+iT Sd

— F(s)x*s lds = Z b, < / <X> S>'
27TI k—iT ] 27'('/ k—iT n S

@ Hence, applying (*) with y = x/n we obtain

> 1 "3\ ° ds

Sl [ (3)5)
27'('/ k—iT n S

n=1
H o
> bn+0< Znn 1+ TIog(X/n)|)>'

1<n<x
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Perron truncated formula

@ It remains to prove (*):

1 K+iT
- [

| = O(y"/(1+ Tllogy])). (%)
—iT

@ When T|logy| > 1, the estimate (*) follows from the first inequality
of the previous lemma. Otherwise, when T|logy| < 1, we can write

K+IT K+IT K+IT .
/ ySs tds = y“/ s lds + y”/ (y*—1)s1ds.
K—IT Kk—IT k—iT

@ The second integral is

]
0( /. |<r|ogy)slrdr) — O(Tll0g y]) = O(1).

@ Consequently, by the second inequality of the previous lemma, we see
that the left-hand side of (*) is O(y") as desired. O
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|
Perron truncated formula
Theorem (Second effective Perron formula)
Let F(s):=Y 2, a,n~* be a Dirichlet series with o, < 0.

(i) Suppose that there exists some real number o« > 0 such that

Z\an\n*(;:O((G—aa)_a) for 60> o0,

n=1

(i) Assume that that B is a non-decreasing function satisfying
lan| < B(n) forall neZ..

Then forx > 2 T > 2,0 <0, and k:= 0, — o+ 1/logx, we have

n 1 k+iT d
o~ F(s+ W)XW—W
o 2mi ST w
+0(x°° (|OgX)a + B(2X) 1+ X|OgX .
T X9 T
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Perron truncated formula

Proof: Apply the first effective Perron formula to the series > "7 | byn™"
with b, := a,n~*°, we obtain that

1 K+iT d
Z 1222 ; F(5+W)XW1
1<n<x n T Je—iT w
[eS)
| bn|
+ O | x* ,
( 2 (@ T log(e/)])

since Kk +0 > 0, + 1/logx > o, and F(s + w) converges absolutely.
o We now write

[e.9]

Z X" | by| _ Z X" | bn|
2 (Tt Tllog(e/m)l) 2, w"(1 1 T1loglx/m)])

X" | bp|
DI .
n€lx/2,2x] n"(1 4 T]log(x/n)])
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Perron truncated formula

@ Recalling that |b,| = |an|n™7, and Kk = 0, — 0 + 1/ log x, and
o0
> lann?=0((0-0.)"") for 0>,
n=1

and using this bound with 6 := Kk + 0 = 0, + 1/ log x, we see that the
contribution of the first sum is:

Xn|bn| _ X}i -1 - 3.l nr°
D e e 2 o )

né[x/2,2x]

= O(x 7T *(log x)*),
since |log(x/n)| > 2, and x" = x7277.
e For %x < n < 2x, using inequality logy > 1 — % for y € Ry we have

Hog(x/m)] > X211
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Perron truncated formula

@ This leads to the following estimate

XH’bn’ . X |an‘
2 n=(1+ Tllog(x/n)l) O< 2 T Tl 'Og(X/”)V>

nelx/2,2x] x/2<n<2x

% 3 i)

x/2<n<2x

@ Splitting Zx/2§n§2x = Zx/2§n§x—1 + 2 x1<next1 T Zx+1§n§2x

we obtain
B(2x) , X
o5 X mnfim)})
x/2<n<2x
_ O(B(2x) (1+ ongx))l
x7 T
@ This completes the proof. O
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Landau's explicit formula for ¢(x)

Theorem (Landau)

There exists Tog > 2 such that for any T > Tg and for any x > 2, we have

Yx)=x— > i log(27) — % log (1 - X12)

[Imp|<T p

2
+O<X(|Og_;(7_)+|ogx),

where

Y(x) =D An).

n<x

Observe that for To < T < x, we have

0 (X("’gTXT)z + |ogx> =0 <X('°$X)2> .
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Landau's explicit formula for ¢(x)

Proof: We may suppose that x ¢ Z.
@ Recall that for every real number T > 2, there exists T' € [T, T + 1]
such that, uniformly for —1 < o < 2, we have
('(c+iT")
C(o+iT")
@ Let T’ be the number supplied by the above item. Let R be the
rectangle with vertices

k—iT', k+iT', —(2K+1)+iT, and —(2K+1)—iT

= O(log® T).

where K € N is large.
@ We know that

_g((ss)):5i1+3_§:<2n1+s_21n>_Zp:(sier:))'

n=1
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Landau's explicit formula for ¢(x)

@ This implies that —¢’(s)/¢(s) has simple poles at s = —2k for k € Z
with residue —1, and the residue at s = 1, which is equal to 1.

@ Therefore, by the residue theorem we obtain

L[ de)x xP x2 (o)
PR G

27i r C((s) s [Imp|<T’ p 1<k<K+1/2
since
d(s)x*\ _ ¢'(0) (s)x*\ _
°< () ) ~ o (‘ o(s) ) -
/(5) xS —2k C/(S) xS B xP
res_ok ( (s) s) VR and res, <— C(5)5> = _?

@ It can be shown that ¢’(0)/¢(0) = log(27).
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Landau's explicit formula for ¢(x)

@ Note that ¢(x) = >, A(n) =>_ <, A,(:) with s = 0.
o We know that
((1+0) 1

T {1to) "o

’_C’(1+0+it)
C(1+o+it)

Q

for any ¢ > 0.

@ Using the second Perron formula with 0, =a =1, 0 =0 = Res,

k=1+1/logx and a, = A(n) and B(n) = log n, we obtain
1 e "(s+w)\ ,dw
e I G - P
270 i C(s+w) w
x log x x(log x)?
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Landau's explicit formula for ¢(x)

@ Therefore, we may write

xP x 2k
P(x)=x— Y ——log2m)+ Y S ey
[Im p|< T 1<k<K+1/2
[ 2
+0 (X(O_I%X) + log x) ,

where Iy, = hy_ + Iy, and

(a) hy_ denotes the integral taken over the bottom horizontal side
connecting —(2K + 1) — iT' with k — iT’,

(b) hy, denotes the integral taken over the top horizontal side connecting
—(2K + 1) +iT' with 4+ iT’,

(c) h is the integral taken over the left vertical side connecting
—(2K 4+ 1) —iT with —(2K 4+ 1)+ iT".
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Landau's explicit formula for ¢(x)

@ Since T/ ~ T, we obtain

K XU
» —0(/ , da).
+ (2K+1) lo £iT|

@ We know that for s = ¢ + it with 0 < —1 one has

(o £iT")
(o £iT)

¢'(s)
= O(log(1 + |s])),
Hoy | = Olog(1+ 1)
provided that circles of radii 1/2 around the trivial zeros s = —2k are

excluded. See the corollary after the first lemma.
@ Moreover, uniformly for —1 < o < 2, we have
(o +iT’)

(ot iT = O(log? T).
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Landau's explicit formula for ¢(x)

@ Hence, we may conclude that

. C(o+iT)|  x°
|y =
e O(/_(2K+1) oy |jo e

-1 o T/ K O 2
:O(/ X Iog(1—|—|a:|:lT\)dU+/ x%(log T) da)

(2K+1) lo £ iT’| 1 o £iT|

~o(tes ™),

T
@ Moreover, we have

T/
v=of |
-7

C(—2K — 1+ it)

X—2K—1
dt
\—2K—1+#])

C(—2K — 1+ it)
_0 x2K=1T log(KT)
B ( 2K +1 )
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Landau's explicit formula for ¢(x)

o Letting K — oo in the last formula we obtain

xP > x 2k
(x) =x — Z — — log(2m) + Z 5
|Imp|<T k=1
x(logx)?  x(log T)?

oMo st

+ log x> ,

@ This gives the desired formula, since
i 21 (1
2% 2% X2 )
k=1
@ This complete the proof. O
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The prime number theorem (PNT)

Theorem (PNT)

There exists an absolute constant ¢ € (0,1) such that as x — oo, one has
¥(x) = x + O(xecVIoex), (*)
m(x) = Li(x) + O(xe™ '°gx) (**)
where x g
t
Li(x) := —.
5> logt
Moreover, one has
N—1 N
Li(x) = —l—x; Iogx k+1 + 0 ((Iogx)N+1> .

v
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The prime number theorem (PNT)

Proof: For any fixed N € Z, by repeated integration by parts, we have
X Nt k! X
Li(x) = ——— 4+ O —= ]
) I%X+X22W%@“l+ (U%XWH>

@ The second part (**) follows from the first part (*) by summation by
parts. Therefore, it suffices to prove the first part (*).
@ By Landau’s theorem we obtain, for any 2 < T < x, that

xRep x(log x)?
LCREEP V" o (eE),

@ By the zero-free region estimates, there exists an absolute constant
C € R, such that for every nontrivial zero p = 8 + iy of ((s), we
have

C C
- <1
log(|y| + 2) log T
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-
The prime number theorem (PNT)

@ Hence, inserting this bound into the previous one, we otain

2.

[Imp|<T

XRe 7]

C
s xTReT (log T)2.
p

o Taking T = eV'°8% we obtain the desired result and (*) follows. [

Corollary
As an immediate corollary, for x — 0o, we obtain the following estimate

which is useful in many applications.
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Riemann hypothesis

Riemann hypothesis (1859)

All non-trivial zeros of ((s) are on the critical line Res = 3.

Theorem
The Riemann ((s) # 0 for all Res > 1/2 if and only if

b(x) = x + O(Vx(log x)?). (*)

Proof: (=) For zeros p = 8 + i~y of ((s) satisfying |y| < T, we have
B <1/2. Choosing T = /x and applying Landau’s theorem we obtain

) -x < 3 XRe”+o<x<l<>gx)2>

mprer 1! T
= O (v/x(log T)? + v/x(log x)?)
= 0 (vx(log x)?) .
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Riemann hypothesis

We now prove the reverse implication (<=). Assume that (*) holds.
@ For Res > 1, note that

o0

A(n R 1)
C(S Z ,Ss / ys(-i)-? dy’

n=1

where (x) = >, - A(n).
o If we set 1(x) = x + E(x), where E(x) = O(y/x(log x)?), then

¢(s) _ s /°° E(y)
— +s dy,

((s) s—1 ystl

and clearly the integral defines a holomorphic function for Res > 1/2.

o Consequently the Riemann function ¢(s) cannot vanish in this region

and the proof is completed. O
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Argument principle

Corollary

For every real number T > 2 the number of nontrivial zeros p of the zeta
function ¢ satisfying T <Imp < T 4+ 1 is at most O(log T).

Theorem

Suppose 7y is a closed path in a region Q C C, such that Ind., (o) = 0 for
every a & . Suppose also that Ind,(a) =0 or 1 for ever o € Q \ v*, and
let Q1 = {a € C:Indy(a) = 1}. For any f € H(QQ) let N¢ be the number
of zeros of f in Q3, counted according to their multiplicities. If f € H(Q)
and f has no zeros on v* then

! f'(z) ,
Nf = 27_”/y f(Z) dz = |ndr(0),

where [ = f o~.
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N
The Riemann—Von Mangoldt formula

Theorem

Let N(T) be the number of zeros of ((s) with s = o + it in the region
0<o<1,0<t< T.IfT is not the ordinate of zero of ((s), then

2w 2w

N(T) = % log <T> T +O(logT) as T — oc. *)

Proof: Recall that £(s) = s(s — 1)m5/2T(s/2)((s) and the zeros of £(s)

are nontrivial zeros of ((s). Moreover, £(s) = £(3).
@ Let R denote the rectangle with vertices 2+ /T, —1+iT. Then by

the argument principle we have

oy L [ €Oy Ly [ E€0)

s = —1Im

C2mi Jgr &(s) T 2w r &(s)

ds,

since £(s) = £(3).
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The Riemann—Von Mangoldt formula

@ Thus we have

£(s) ¢'(s)
NN = [ e wm e
o With 7(s) = 75/2T(s/2)¢(s) we therefore may write
) 1 1 ls)

&s) s s—1 n(s)

[ [ (2 2 ) ] —or
while n(s) = n(1 — s) and n(o =+ it) are conjugates, so that
(@) =m (L5 *)

where £ consists of the segments [2,2+ iT] and [2+iT, 5 +iT].
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@ Then




The Riemann—Von Mangoldt formula

@ Therefore
() [ e 55 )]
Lo m ([ L2 [ €0)

@ Using Stirling's formula and

m (/L ;((Z//Zz)) ds) — Imlogl (i + ;iT> ,
we obtain

(L 5E3)-irm(5)- T3 (2)
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The Riemann—Von Mangoldt formula

@ Thus from the above estimates we have

N(T) = T|og2T LIS < C(S)ds>+0<1>.

27 2r 8 r C(s) T
@ To prove the theorem it remains to show that
24+iT /
Im / ) 4 ) = o(log T, (%)
17241 G(5)

since the integral over the other segment of L is clearly bounded.

@ We also know that for s = o + it with —1 < o < 2 and t not equal to
an ordinate of a zero of ((s), we have

_§(<)) _ 511 S 1/} + O(log(]] +3)).

pilt—Im p|<1

where the summation runs through all the non-trivial zeros of ((s).
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The Riemann—Von Mangoldt formula

@ Therefore, for —1 < o < 2 and t > 2 not equal to an ordinate of a
zero of ((s), we have
¢'(s) 1
= —— + O(log t),
o) = 2 5=+ Olesd)

pilt—Im p|<1

where the summation runs through all the non-trivial zeros of ((s)
@ Now the proof easily follows, since

24iT CI(S) 2+iT ds
| ds | =O0(log T) + 1
" (/1/2+iT ¢(s) ° (log 7) +Im /1

J2+iT

s p—
pilt—Im p|<1 P

> Aarg(s—p) = O(log T),

p:lt—Im p|<1

= O(log T)+

since |Aarg(s — p)| < mon [ +iT,2+iT] and (*) holds.
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Borel-Carathéodory lemma

Lemma

Let zp € C, and r € (0, R) and f(z) be analytic in D (zo, R) given by
f(z) = Z cn(z—29)" for z€D(z,R).
n=0

Let U be a real number such that Re(f(z)) < U for z € D (zp, R). Then

2(U — Re(f (20)))
Rn

lcn] < for neN.

Further for z € D (zg, r), we have

2r
—r

f(2) = f(20)l = 5— (U—Re(f(2))).
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Borel-Carathéodory lemma

Proof: By considering the function f (z + zy) in place of f(z), we may
assume that z5 = 0.
e For z € D(0, R), we write

o0
f(z) = Z cnz",
n=0
and - -
H2)=U—-f(2)=U=) cz"=> bpz",
n=0 n=0

where
bo=U-c, by=-c, for neN and [y:=Re(by).

@ Then for n > 0, we see that

1 #(2)
b, = — dz.
" 2 /|z|:, 1%
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Borel-Carathéodory lemma

@ Setting z = re’® with —7 < 6 < 7, we obtain for n > 0 that

1 & ¢(rei9) ire? r—m [T i\ _—ind
b= | S — 5 / b (re®) e~ dp.

—T

@ From now on, we write gzﬁ(reie) = P(r,0)+iQ(r,0) := P+ iQ, where
P(r,0) and Q(r, ) are real-valued functions.

@ Then we have
v

1 .
br" = > (P+ iQ)e_’”9d0 for n>0.
T

—Tr

@ Next, by the Cauchy theorem, for r < R and n > 1, we have

_ 1 1 " i0\ :,ind
0= 5 |Z|:rgzﬁ(z)z dz = 5 /_ﬁqﬁ(re )ie"™ do
_ ’/ (P + iQ)e™ d.
™ —T
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Borel-Carathéodory lemma

@ By taking conjugates on both sides, we have
1 ™

:g .

0 (P —iQ)e M dp,

which, together with b,r" = % ffﬂ(P + iQ)e_i”Qd, implies that

1 /7 ;
b,r" = / P(r,0)e"™dg for neN.

™ -7

@ Now we take absolute values on both sides to obtain

\bnlr”Si/ﬂP(rem)‘dG for neN.

@ But we have
P(reie) = Re (gb(reie)) = U —Re (f(rei9)> > 0.
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Borel-Carathéodory lemma

@ Therefore

]bnr”gl/ P(re)do for neN.
7T

—T

@ We recall that

gb(reia) = Z bnr"(cos n + isin nB).
n=0
@ Therefore

P(r,0) = Re (qb(rei9)> = Z r" (Re (bp) cos nf — Im (by,) sin nf)

n=0
and hence, using 5y := Re (bp), we have
1 ™
2 J_,
. T T .
since [ cosnfdf =0 for n>1and [”_sinnfdd =0 for n > 0.
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P(r,0)d0 = Bo,



|
Borel-Carathéodory lemma
® Then by |by|r" < 1 [T P(re’?)d we see that
|bp|r" <20y for neN.

@ Letting r tend to R, we deduce that

cal = |bn| < %ff for neN.
e Now for |z] < r < R, we have
oo - S .
72) = FO) = |3 2" s;|bn|r"szﬁo;(R) — 260" —

@ Inserting 5o = Re (bg) = U — Re(f(0)) by (5.2.5) in the above
inequalities, the lemma follows. O
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|
Nearby zeros of f'/f

Lemma

Let f(z) be holomorphic for |z — zy| < r, and f (zg) # 0 and suppose that
|f(2)/f (20)| < M for |z —zo| < r. If f(2) #0 for |z — zo| < r/2, and
Re(z — z9) > 0, then

Re(igg) >—§IogM ()
Re<ff/((zZ:))> >—§Iogl\/l+Re <201_p>, (%)

where p is an arbitrary zero of f(z) in the region |z — zp| < r/2 with
Re(z — z) < 0.
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|
Nearby zeros of f'/f

Proof: Let

g2)=f)][——. z#p &lp)=limg(2),

zZ—p zZ—p

where p denotes zeros of f(z) in the circle |z — z5| < r/2 counted with
respective multiplicities.

@ Then g(z) is holomorphic for |z — z| < r/2, and for |z — z| = r

£

f(z) Hzo—p

flzo) Lt z—p

<M,

p

@ By the maximum modulus principle this holds also for |z — z| < r.
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|
Nearby zeros of f'/f
@ Since g(z) # 0 for |z — zg| < r/2, then taking the principal branch of

the logarithm we see that F(z) = log g(z) — log g (20) is regular for
|z — 29| < r/2 and

Re F(z) = log|g(z)/g (20)| < log M,

and M > 1, since g(z)/g (z0) = 1 when z = z.

@ Moreover Re F (zp) = 0, so by the Borel-Carathéodory lemma with
R = r/2 we obtain

4
|F (20)] = |¢' (20) /& (20)] < ~ log M,
while by logarithmic differentiation we have
f’ (Zo) 1
fz0) 2

o —
poP

‘g’ () < ﬂIog;M
r b

g (20)
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|
Nearby zeros of f'/f

@ Thus we obtain

4
Iog M,

(T ams)| -

which implies

' (Zo) 1 4
Re — > ——log M.
( f(20) ; zp—p r o8

e Finally, the condition Re (zy — p) > 0 ensures that the conclusion of
the lemma follows from the last bound, and

() 2 s ()

as desired. OJ
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Zero-free region estimates revised

Theorem

Let p(t) and 1/60(t) be two positive, nondecreasing functions of t for
t > to such that 0(t) < 1, and lims_o (t) = 00 and

@ —0 (eﬂo(t)) as t— oo.

0(t)
If {(s) = O(e¥®)) for 1 —6(t) < 0 < 2, and t > to, then ((s) # 0 for

62t +1)

21-C———=
7 (2t + 1)

and t 2>ty

where C > 0 is an absolute constant.
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Zero-free region estimates revised

Proof: Let s =0 +it. Let {(B+ iv) =0, with 3 < 1, and v > t.
o Let og satisfy
1+ e P+ < 50 < 2.
o Let further
so=o00+ iy, and sy=o00+2iv, and r=02y+1)<1.

@ Then both the circles |s — sp| < r and |s — s{| < r lie in the region
o>1-—6(t) and t > ty, since |0 — og| < r, and

0>09—r=00—02y+1)>1+e P g2y +1)
2 1
S1ogy+1)>1- 2 Dy 1 e,
0(t)
@ The last inequality follows from the fact that t < 2y +r <2y 41,
and 1/6(t) is nondecreasing. Hence 1/6(t) < 1/0(2v+ 1) and
consequently 0(2y + 1)/6(t) < 1, giving the last lower bound.
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Zero-free region estimates revised
@ For 0 > 1 and some A > 0 we have |1/((s)| < ((0) < A(o —1)7L.
@ Hence
[1/¢ (s0)] < Ae#®TD,and - [1/¢ (s0)] < Ae?®HY),

since 1 + e—¥(27+1) < og <2
o By hypothesis ((s) = O(e?()) for 1 — (t) < o < 2, so that there
must exist A, > 0 such that

[€(5)/¢ (s0)] < €72 for |5 — 50|
1¢(s)/¢ (s0)] < e 2¢(27+1) for |s — sg|
o Using (*) from the previous lemma with M = e*2#(27+1) " we obtain

¢' (o0 + 2i7) o2y +1)
—Re ¢ (o0 + 2i7) As 0(2y + 1)
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Zero-free region estimates revised

e We have 5 < 1 < oy, while for > g9 — r/2, inequality (**) of the
previous lemma gives

" (o0 + i7) p(2y +1) 1
_ReC(UoJriv)<A39(2v+1)_00—ﬁ' (®)
@ Also we have
—¢'(00) /¢ (00) < B/ (00 — 1), (©)

where B — 17 as 09 — 1T, since s = 1 is a pole of first order of ((s)
with the residue 1.

@ Recall that 3 + 4 cosf + cos20 = 2(1 + cos#)? > 0 for any 0 € R.
@ Hence, we have

_o(00) . ("(oo+ i)\ . ¢'(o0 + 2i7)
O <<(ao+w>> i (C(Uo+2i7)>20
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Zero-free region estimates revised
@ Inserting inequalities (A), (B) and (C) to inequality (D), we obtain

3B LP(Q’Y—i- 1) 4
og—1 39(2’74—1) oo —f

or
3B 5 o2y+1)\ "
—_A> | ——— 4L AT
70 6/<4(00—1)+430(2’y+1) ’

which gives then

— 3B — 3A3(p(27 +1)/6(2y + 1)) (00 — 1)
(3B/4 (00 — 1)) + 3As(2(2y +1)/6(2y + 1))

1-62

o Now we choose B = 2 and g = 1+ (4043) " 0(2y + 1) /(27 + 1),
and then regardless of Az the condition og > 1 + exp(—¢(2v + 1))

holds in view of % = o(e?()) as t — oo.
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Zero-free region estimates revised

@ With this choice of B and og the last inequality reduces to

6(2y+1)

1- 2 ’
b 1240A30(27 + 1)

which gives the desired estimate provided that 8 > o9 — r/2.
@ It remains to consider the case 5 < gg — r/2, when
1 0(2y+1) 1
<oo—r/2=1+(40A3) ' =1 — Zg(2y +1
1 9(2’7 + 1)

< 1— (124043 ,
( ) e(2y+1)

since lim¢_,o ©(t) = 0o. This completes the proof. O]
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Korobov and Vinogradov's theorem

Remark

@ We can take 0(t) = 1/2 and ¢(t) = log(t + 2) and by the previous
theorem, we obtain that there exists an absolute constant C > 0 such
that ((s) has no zero p = 3 + iy satisfying

C

1—- —.
P21 el 2)

Theorem (Korobov and Vinogradov's theorem)

For all s = o + it € C such that%<a<13ndt>3, one has

()] < AtBO=9(10g 1), (*)
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]
PNT with the best error term to date

@ Inequality (*) implies that there exists an absolute constant ¢y > 0
such that ¢(s) has no zero in the region
)

1— d t| > 3. *k
(log e (logiog e)? ™ It %)

@ This combined with the previous theorem yields the following variant
of the PNT with the best error term to date.

Theorem
There exists an absolute constant ¢ € (0,1) such that as x — oo, one has

PY(x)=x+ 0 (Xexp (—c(logx)3/5(|ogIogx)*1/5)) ,

m(x) =Li(x)+ O (x exp (—c(log x)%/5(log Iogx)_1/5)> .
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