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Cauchy—Riemann equations

Theorem

Let Q C C be open and f : QQ — C be holomorphic. Then % = %g—;,
where 0/0x and 0/0y denote the usual partial derivatives in the x and y
variables respectively. If f = u+ iv for some real valued functions

u,v:Q — C, then we have

ou Ov du ov
a = @ and @ = —& (C-R)

These relations are called the Cauchy—Riemann equations.

Theorem

Suppose f = u+ iv is a complex-valued function defined on an open set
Q. If u and v are differentiable in the real sense and satisfy the
Cauchy—-Riemann equations (C-R) on Q, then f is holomorphic on Q.
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The Cauchy-Riemann equations

Harmonic functions

Definition

Let (xo, o) € R? and u be a real-valued function defined in a

neighbourhood of (xp, yo). Then u is harmonic at (xp, yp) if
(i) w is continuous at (xo, ¥o)-

(i) u has continuous partial derivatives of the first and the second order
at (xo, yo) satisfying

Uxx (X0, ¥0) + tyy (X0, ¥0) = 0, (*)

where uy, (x0, y0) = a% (% (x0, %0))-

@ The (*) is called the Laplace equation. Further u is called harmonic
in Q if it is harmonic at every point of 2.
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The Cauchy-Riemann equations

Harmonic functions

Remark

(i) We identify the elements (x,y) of R with x + iy of C and it will be
clear from the context whether we are taking (x, y) or x + iy.

(i) For any z = x + iy € C and any real-valued function v = u(x,y) we
write

u(z) = u(x,y).

(iii) If u is harmonic in €, then u + ¢ for any constant ¢ is harmonic in €.

Theorem
Let f € H(Q2) be given by

f(z) = u(x,y) + iv(x,y).

Then Re(f) and Im(f) are harmonic in .
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The Cauchy-Riemann equations

Harmonic functions

Proof: The proof depends on ' € H(Q) and " € H(Q).

o Let f(z) = u(x,y) + iv(x, y) be given. First, we prove that u and v
have continuous partial derivatives of orders 0,1 and 2 at every point
of €. We prove the assertion for u and the proof for v is similar.

o Let (x0,y0) € Q and zp = xo + iyo. Then we see that v is continuous
at (xo, yo) since f is continuous at zp.

@ Further, by the Cauchy—Riemann equations, we have

' (20) = ux (x0,¥0) + ivx (X0, Y0) = vy (%0, ¥0) — ity (X0, ¥0) -

e By differentiating this identity, we have uy and u, that are continuous
at (xo, yo) since f'(z) is continuous at zy. Next, we have

f (ZO) = Uxx (X07y0) + Vi (X07y0) = Vyx (Xo,)/o) - iuyx (Xo,)/o)

= Vi (X0, Y0) — ity (X0, Y0) = —tyy (X0, Y0) — ivyy (X0, ¥0) -
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The Cauchy-Riemann equations

Harmonic functions

@ This implies u has continuous partial derivative of order 2 at (xo, yo),
since f”'(z) is continuous at z.

@ Since (xp, yo0) is an arbitrary point of Q, we conclude that u has
continuous partial derivatives of order 0,1 and 2 at every point of 2.

o Differentiating the first (C-R) equation u, = v, with respect to x and
the second v, = —u, with respect to y, we obtain

Usx (X0, Y0) = Vyx (X0, ¥0) s Vay (X0, %0) = —uyy (X0, Y0)

which implies
Uxx (X07y0) + Vyy (X07)’0) = 07

since Vyx (X0, ¥0) = Vxy (X0, ¥0). Hence u is harmonic in Q. O
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|dentity theorem for harmonic functions

Theorem

Let u be harmonic in a region S and let V' be a non-empty open subset of
Q such that u=0in V. Then u =20 in Q.

Proof: Let u be harmonic in Q. For z € Q with z = x + iy, we consider

8(2) = ux(x,y) = iuy(x,y).

@ We observe that uy and —u, are defined in 2 and they satisfy
Cauchy—Riemann equations in £ since u is harmonic in €2.

@ Therefore, g is holomorphic in €.

e Further, g =0 on V, since u, and —u, vanish on V. Then g =0 on
Q by identity theorem for holomorphic functions.

@ Then uy = u, = 0 in © which implies that u is constant in 2. O
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Harmonic conjugate
Definition

Let u be harmonic in a region Q. Then v is called a harmonic conjugate
of uin Q if

(i) v is harmonic in Q.

(i) There exists f € H(2) such that

f=u+iv in Q.

Remark

@ Let u be harmonic in a region 2. Assume that v and v; are harmonic

conjugates of u in Q. Then there exist f € H(Q2) and f; € H(Q2) such
that

f=utiv, i=utivy in Q.

@ Then v —v; = —i(f — f1) € H(Q) is real valued. Therefore v and v;
differ by a constant. Why?
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The Cauchy—Riemann equations

Harmonic conjugate

Remark
@ Let f be integrable on [a, b] and

F(x):/ F(t)dt for a<x<b.
a

Then F(x) is continuous in [a, b]. If f is continuous at xg € [a, b],
then

F/ (Xo) = f (Xo) .

@ Let f be integrable on [a, b]. If there exists a differentiable function F
on [a, b] such that F' = f. Then

/b F(t)dt = F(b) — F(a).
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The Cauchy-Riemann equations

Harmonic conjugate

Theorem

Let Q = D(0, R) where 0 < R < co. Let u be harmonic in Q. Then there
exists a harmonic conjugate of u in .

Proof: It suffices to find a real-valued function v = v(x, y) satisfying:
(i) v has continuous partial derivatives at every point of Q.
(i) v and v satisfy the Cauchy—Riemann equations

ux=v, and u, = —vy

at every point of €.

@ Then f = u+iv € H(Q2). Now we see from the previous theorem that
v will be a harmonic conjugate of u in €.
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The Cauchy-Riemann equations

Harmonic conjugate

e For (x,t) € Q, by the first equation in (ii), we have
uc(x, t) = vy(x, t).

o We integrate both sides with respect to t along a vertical line from 0

to y. We have
y y
/ vy (x, t)dt = / ux(x, t)dt.
0 0

v(x,y) — v(x,0) = /0 ux(x, t)dt.
e By putting v(x,0) = h(x), we have
y
v(x,y) = /0 ux(x, t)dt + h(x).

@ We determine h(x) such that the second equation in (ii) is satisfied.
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The Cauchy-Riemann equations

Harmonic conjugate

@ By substituting v(x, y) in the second equation in (ii), we have

Yy Yy
wlx.) == [ ent et = 100 == [l ) = ()

= /Oy uyy (x, t)dt — h'(x) = u,(x,y) — uy,(x,0) — H(x).
@ Therefore, '(x) = —uy,(x,0), which is satisfied if
h(x) = — /OX uy(s,0)ds + C,
where C is any constant. Then
vix,y) = /oy ux(x, t)dt — /OX uy(s,0)ds + C.

@ We check that v satisfies (i) and (ii) and hence v is a harmonic
conjugate of u in €. Ol

(MATH 503, FALL 2025) Lecture 16 October 30, 2025 12/40



Harmonic functions and simply connected regions

Theorem

A region Q0 is simply connected if and only if every harmonic function in Q
has a harmonic conjugate in 2.

Lemma

Let u = u(x,y) and v = v(x,y) be harmonic function in a region Q. For
(x,y) €Q, let

R= R(x.y) = 510 ((u(x,y))? + (v(x.))?).

Then R is harmonic in Q.

Proof: It is clear that R is continuous and it has continuous partial
derivatives of orders 1 and 2 at every point of 2.

@ We show that R satisfies the Laplace equation at every point of €.
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The Cauchy-Riemann equations

Harmonic functions and simply connected regions

o At (x,y) € Q, we have

Uy + vy uuy + vvy,
u? +v2 '’

2
(" + V)" (R + Ry) = (0% + ) (3 + v + 0y + vy)
— 2 (uty + vy )® = 2 (uuy + vy )?,
by using uxx + uy, =0 and vi + v, = 0.
e Simplifying, we obtain
2
(v +v®) " (R + Ryy) =1Pv2 + uPv2 + V2l + V2]
— (vPul + Pud+ ]+ V)
— 2uvuyuy, — 2uvvkvy, =0

by using the Cauchy-Riemann equations. []
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The Cauchy-Riemann equations

Harmonic functions and simply connected regions

Lemma
Let Q = C\{0}. For z € Q with z = x + iy, let

1
u(x,y) =log|z| = 5 log (x2 + y2) .

Then u is harmonic in Q.

Proof: We observe that u is continuous in 2 where it has continuous
partial derivatives of orders 1 and 2, since

__ X _ Yy
Uy = m, u, = m
and
y2 — X2 X2 — y2
The latter equation implies that u is harmonic in €. []
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The Cauchy-Riemann equations

Harmonic functions and simply connected regions

Lemma

Let Dy and 1 be open discs. Let F be holomorphic function from Dy into
Qq and u be harmonic in Q1. Then uo F is harmonic in Dy.

Proof: Let F(z) = A(x,y) + iB(x,y) for z=x+ iy € D;.
@ Since u is harmonic in Q1 and D; is a disc, then there exists
G € H(£4) such that
G(z) = o(x,y) +ih(x,y) for z=x+iy €,
where ¢(x,y) = u(x,y). Then, for z=x+ iy € D;, we have
G o F(z) = G(A(x,y) + iB(x, y))
= ¢(A(x, y), B(x,y)) + i (A(x, y), B(x, y))
= u(A(x,y), B(x, y)) + iv(A(x,y), B(x,y)),

and Re(G o F(z)) = u(A(x,y), B(x,y)) = uo F(z). Now we
conclude that v o F is harmonic in D; and we are done.
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The Cauchy-Riemann equations

Harmonic functions and simply connected regions

Theorem

A region Q) is simply connected if and only if every harmonic function in 2
has a harmonic conjugate in .

Proof: Assume that Q is simply connected and let u be harmonic in Q.
We show that v has a harmonic conjugate in Q.

@ We may assume that €2 # C otherwise the assertion follows from the
previous theorem.

@ Then, by the Riemann mapping theorem, there exists an analytic
homeomorphism F from D onto €.

@ In the previous lemma, we take D1 = D (zp,5),Q1 = D (F (z),r)
and F is holomorphic function from D; into €;. Since 1 C Q, we
see that v is harmonic in Q7. Let uo F = uy.
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The Cauchy-Riemann equations

Harmonic functions and simply connected regions

o Let zp € D. Then F(z) € Q and there exist 0 < s < r < 1 such that
F (D (zo,s)) € D(F(20),r) C Q.

@ Then wu; is harmonic in D; by the previous lemma. In particular, u; is
harmonic at zj.

@ Since zj is an arbitrary point of D, we see that u; is harmonic in D.
Hence, there exist v; harmonic in D and f; € H(D) such that

i=u +ivi in D.

@ Then
ficF'=u+iyoFt in Q

and fi o F~1 € H(Q). Hence, we conclude that v; o F~ is harmonic
conjugate of u in €.
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The Cauchy-Riemann equations

Harmonic functions and simply connected regions

@ Now, let 2 be a region and assume that every harmonic function in
has a harmonic conjugate in 2. We show that Q is simply connected.

@ We may assume that £ # C otherwise the assertion follows since C is
simply connected.

o It suffices to show that for every f € H(Q) with € H(Q), there
exists g € H(Q) such that f(z) = g2(z) for z € Q. Then Q is
conformally equivalent to D. Hence € is simply connected as desired.

o Let f € H(Q) with + € H(Q). We set

Re(f) =u, Im(f)=v.

@ Then u and v are harmonic in Q. For x + jy € Q, we set

R(x,y) = log|f(x +iy)| = % log ((u(x,y))* + (v(x,¥))?) .

which is defined since f(z) # 0 for z € Q.
@ R(x,y) is harmonic in Q as it was shown above.
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Harmonic functions and simply connected regions

@ Then, by our assumption, there exists a harmonic function S in Q and
g1 € H() such that

gi=R+iS in Q

Let
h(z) = e for zeq.

Then 72} € H(Q) and

f(2)

h(z)
f(z)

Therefore z) is constant in € by the open mapping theorem.

=1 for ze€q.

(]

@ Then f(z) = ce8(?) = eg1(2)+e1 where ¢ and ¢; are constants.
@ By putting
g1(z)+e
g(z)=e 7,
we see that g(z) € H(Q) and f(z) = (g(z))? for z € Q. O
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Mean Value Property (MVP) of harmonic functions

Definition
Let u be real-valued continuous function in a region 2. Then u has mean
value property (MVP) in Q if for every a € Q, we have

u(a) = > 027r u <a + rei9> do,

whenever D(a, r) C Q.

Theorem

Let u be harmonic in a region ). Then u satisfies MVP in Q.

Proof Let a € Q with D(a, r) C Q. There exists an open disc E such that
D(a,r) CECQ

and v has a harmonic conjugate in E.
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Mean Value Property (MVP) of harmonic functions

@ Therefore there exists f € H(E) such that u = Re(f). Now

1 f(z)
fla) = —
(3) 27 /z—a|—r zZ — adz

by the Cauchy integral formula.

e By putting z — a = re’® with 0 < @ < 27, we have

1 2 f AN 1 27
fla)= - (a+rep)1re g L
27i Jo re' 2w Jo

f (a + reie) de.
@ By comparing the real parts on both the sides, we obtain

u(a) = % /:W u (a+ rei9> do.

@ This holds for every a € Q whenever D(a, r) C Q. O
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The Cauchy-Riemann equations

Maximum principle for the continuous functions with MVP

Theorem

Let u be real-valued continuous function in a region ) and assume that u
has MVP in Q. Suppose that there exists a € Q such that

u(z) <u(a) forall zeQ.

Then u is constant in Q.

Proof: We assume that v is not constant in . Let u be continuous in a
region satisfying MVP in Q and there exists a € 2 such that u(z) < u(a)
for z € 2. We consider

A={ze€Q:u(z) =u(a)}.

@ We may assume that A # (), since a € A. It suffices to show that A is
both open and closed.

@ Then A=, since Q is connected and hence u is constant in Q.
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The Cauchy-Riemann equations

Maximum principle for the continuous functions with MVP

Let z € A. Then there exists a sequence (z,)nen C A such that
limp_00 zn = z. Since u is continuous, we have lim,_,o u(z,) = u(z).
But u(z,) = a for n > 1 since z, € A. Therefore u(z) = u(a) which
implies that z € A. Thus A C A and hence A is closed.

Now we show that A is open. Let zg € A and there exists r > 0 with
D (zp,r) C Q such that D (z, r) is not contained in A.

Then there exists b € D (zp,r) and b ¢ A. Thus

u(b) < u(a) = u(z)
Since u is continuous, there exists s > 0 such that
u(z) <u(a) for ze D(b,s).

Let |b — zp| = p < r. Then there exists an arc on the circle
|z — z9| = p containing b of positive length where u(z) < u(z) and
u(z) < u(a) = u(zo) elsewhere on the circle.

(MATH 503, FALL 2025) Lecture 16 October 30, 2025 24 /40



The Cauchy-Riemann equations

Maximum principle for the continuous functions with MVP

@ Therefore
1 27

7/ u (zo + pe"‘g) db < u(z).

@ On the other hand, we have
27

> i u (zo —l—peie) df = u(z),

since u satisfies MVP by the assumption. This is a contradiction. [

Corollary

Let Q be a bounded region. Assume that u is a non-constant real-valued
continuous function defined on Q and u has MVP in Q. Then there exists
a € 092 such that

u(z) <u(a) for zeX.

Proof: Prove it!
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The Cauchy—Riemann equations

Poisson kernel

Definition
For 0 <r <1 and0 <6 <2, the function

o

POy = 3 e *)

n=—o00
is called the Poisson kernel.

o We understand that 0° = 1 in the sum on the right-hand side of (*)
so that P,(9) =1if r =0.

Lemma
For0<r<1and0<6<2r, we have

o) =Re (505 ) = ot ()

1—rei? ) — 1—2rcosf + r2’
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The Cauchy—Riemann equations

Poisson kernel

Proof: For 0 < |z| < 1, we have

ii (1+2)(1-2)"

:(1+z)(1—i—z—|—22—|—~~-)
x

=142 2"
n=1

Here the rearrangement of terms of the series is permissible since the
series is absolutely convergent.

e By putting z = re® with 0 < r < 1 above, we have

1 i0
11—:2%) _1+2Zrn "
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The Cauchy—Riemann equations

Poisson kernel
o Now
Re <1J::::Z> =1 +2§;r”cosn9
_ 1+Z ( inb —ina)
14 Z 1 gind i Il ginf
n=—o00

=1+ Z rnle® — p,(6).

n750
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The Cauchy—Riemann equations

Poisson kernel

o Further

1+ rei® (1 + reie) (1 — re*"e) _1- r? 4+ 2irsinf

1—ref® 11— reit)? 11— reif)?

and

12
‘1 —re =1—2rcosf + r%

Therefore

1+ ref? _ 1—1r2
1—re®) 1—2rcosf+ r2

P,(0) = Re(
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Poisson kernel

Lemma

(a) For0<r <1, we have P,(0) >0 for 0 <0 < 2w and P,(0) is
periodic with period 2w. Further

1 e
— P.(6)d6 = 1.
2r J_
(b) Letd > 0. Then
lim P.(0) =0
r—1-

uniformly in 6 with 6 < |0| < .

Proof of (a): It is clear that P.(f) > 0 for 0 < 6 < 27 and periodic with

period 27, since
1+ rei9> 1—1r2

P.(0) = Re — | = .
(9) 1— ref 1—2rcosf +r?
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The Cauchy-Riemann equations

Poisson kernel

@ By integrating both sides of the previous identity, we obtain

[e.9]

/ P.(0) = / S ety = Sl [T ey — o,

-7 n=—oo n=—00 -

since the series converges uniformly in 6 and

T 2r  if n=0,
eln —
- 0 |fn7£0 L]
Proof of (b): Let § >0and 0 < r < 1.

@ We may assume that || < 7 otherwise the assertion follows
immediately from the formula

1+re\ 1—r?
1—re®) 1—2rcosf +r2

P.(0) = Re (
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The Cauchy-Riemann equations

Poisson kernel

o By differentiating both sides with respect to 8 in the previous formula
and setting 6 = t, we have

— (1 — r2) 2rsint

Pl (t) = :
®) (1 —2rcost + r2)?
@ Then -
P/(t) <0 for 5§t§§.
e Thus -
P.(0) < P.(6) for §<6< 5
@ Since P,(0) = P,(—0), we obtain
P.(0) < P,(5) for §<|0]< g
@ Since lim,_,;- P,(d) =0, we derive that lim,_,;- P,(6) = 0 uniformly
in § <[0| < 7. This completes the proof. O
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Dirichlet problem for open discs

Theorem

Let a€ C, p >0 and f be real-valued continuous function defined on the
circle C(a, p). Then there exists unique real-valued continuous function u
in D(a, p) such that u is harmonic in D(a, p) and

u(z) =f(z) for ze C(a,p).

Proof: We claim that there is no loss of generality in assuming that a =10
and p = 1. Indeed, suppose that the assertion of the theorem is valid with
a=0and p=1. Let f be real-valued continuous function on C(a, p).

@ Then we consider

g(z)="f(a+pz) for |z|]=1.
e We note that g is continuous on |z| = 1. Then there is a real-valued
continuous function v(z) in D and harmonic in D such that
v(z) = g(z) for |z|=1.
Lecture 16 October 30, 2025 33/40



The Cauchy-Riemann equations

Dirichlet problem for open discs

o Let

u(z):v(Z;a) for ze€ D(a p).

@ Then the conclusion follows, since u is a real-valued continuous
function in D(a, p) and harmonic in D(a, p) and such that
u(z) = f(z) for |z — a| = p.

o Let M = max {}f (ei¢)| el < 27(}. We prove the theorem with

U(reie): %ffﬁpr(giqb)f(emb) d¢ If0§r<1’0§0§2ﬂ-7
F () if r=1,0<0<2r.

o Let 0 < r < 1. We show that u is real part of an analytic function
and then it is harmonic in D.

(MATH 503, FALL 2025) Lecture 16 October 30, 2025 34 /40



The Cauchy-Riemann equations

Dirichlet problem for open discs

e By the formula P,(f) = Re <1+’ei9) = = we have

1—re’® | = 1—2rcosf+r2’

; T (™ _ . 1+ rel(0=9)
U(re 9) — o /;W f(e ¢) Re <]__rel(9—¢)> d¢

where

which is analytic in D.
@ Therefore u is harmonic in D, hence it is continuous in D. Further
u (e"(’) =f (e"(’) for 0 < 6 < 2.
@ Now we show that v is continuous on |z| = 1.
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Dirichlet problem for open discs
o We have !u(eie)‘ = ‘f(eie)‘ < M for0 <6 < 2.

o Further f (/%) with 0 < @ < 2 is uniformly continuous. Therefore
for € > 0, there exists d > 0 such that

|u(e”) —u(e?)| = [f(e”) — F(e")] <e,
whenever |§ — ¢| < 6. Let A be an arc of the circle |z| = 1 with e/ as
the centre of the arc and subtending an angle § at the origin. Then
|0 — ¢| < & whenever e® € A.
@ Thus it suffices to show that for any e’ with 0 < 6 < 27, we have
‘u(reig) — u(e"9)| <2 whenever r—1".

@ We also have

u(reie) = 2;/ P (0 —~)u (e"”’) dy for 0<r<l

—T
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The Cauchy-Riemann equations

Dirichlet problem for open discs

o By setting § — v = ¢, we obtain for 0 < r < 1 that

. m+0 " i
() = [ (e N as = & [ Pioruleo a0

27 —n+6
since the integrand is periodic with period 2.
o We further observe that

u(re®) — u(e) =L / " P6) (D) — u(e))do

2T

_ L Po(6) (u(e @) — u(e®))d
21 Jig|<s
L P(6) (u(e9) — u(e?))do.
21 Jr>|p>6

@ Since P,(¢) > 0, the absolute value of the first integral is at most

/ (6)do = <.
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Dirichlet problem for open discs

@ The absolute value of the second integral is at most

3
2M P, 2M—
5<lpi<n (9) < 2M

when r — 17, hence
‘u(reia) — u(ei9)| < 2¢  whenever r—1".

@ It remains to show that u is unique satisfying the assertion of the
theorem. Let v be a continuous function in D such that v is
harmonic in D and v(z) = f(z) for |z| = 1.

@ Now we consider the function w = u — v. Then w is harmonic in D,
and therefore it has (MVP) in D. Since w =0 on |z| =1, we
conclude by the maximum principle, that w = 0 in D. Why?

@ Hence v = u. The proof is completed. []
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The Cauchy-Riemann equations

Dirichlet problem for open discs

Theorem

Let u be a real-valued continuous function with (MVP) in a region. Then
u is harmonic in €Q.

Proof: Let u be a real-valued continuous function with (MVP) in Q.

o Let a € Q. Since Q is open, there exists p > 0 such that D(a, p) C Q.
It suffices to show that u is harmonic in D(a, p). Then u is harmonic
at a and the assertion follows since a is an arbitrary point in .

e Since D(a,p) C Q, we see that u is continuous in D(a, p) and it has
(MVP) in D(a, p). By the Dirichlet problem, there exists a real-valued
continuous function v in D(a, p) such that v is harmonic in D(a, p)
and such that

u(z)=v(z) if |z—al=p.
e Further v has (MVP) in €, since v is harmonic. Next we consider

g=u—v in D(anp).
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Dirichlet problem for open discs

We observe that g is real-valued continuous function in D(a, p) and it
has MVP in D(a, p).

@ Further
g(z)=0 if |z—a|=np.

@ Assume that g is not a constant function. Then g(z) < 0 in D(a, p)
by the maximum principle and g(z) > 0 in D(a, p) by the minimum
principle. This is a contradiction.

@ Therefore g is a constant function ¢ in D(a, p). In fact ¢ = 0 since g
is continuous in D(a, p) and zero on |z — a| = p.

@ Hence u = v is harmonic in D(a, p) as desired. O
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