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Conformal mappings

Conformal mappings

Definition
Let Q1,95 and Q be open subsets of C.
@ A one-to-one holomorphic mapping f from €1 onto 5 such that

f~1 € H(y) is called an analytic homeomorphism of Q; onto 5.
If Q =1 =Qy, then f is called an analytic automorphism of €.

@ A one-to-one holomorphic mapping from €3 onto €25 is called a
conformal mapping of Q1 onto Q5. If Q = Q; = Qy, then f is called
a conformal mapping of .

Recall the inverse mapping theorem:

Theorem

Suppose that Q C C is open, f € H(R2), and f is one-to-one in Q. Then
f'(z) # 0 for every z € Q, and the inverse of f is holomorphic.
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Conformal mappings

Conformal mappings

Remarks

By the inverse mapping theorem, we see that a conformal mapping of
Q4 onto €25 is an analytic homeomorphism of £2; onto €5, and a
conformal mapping of € is an automorphism of €.

We say that Q; and €, are conformally equivalent whenever there
is a conformal mapping f from Q3 onto Q, (or between Q; and Q5 )
and we write Q1 ~ €5, where ~ is an equivalence relation.

If Q1 ~ ), then the corresponding conformal mapping f : Q71 — Q5
satisfies f'(z) # 0 for z € Q3 by the inverse mapping theorem.

Some authors take the condition f'(z) # 0 for z € Q; as the
definition of a conformal mapping.

2

The latter condition is less restrictive. For example, f(z) = z= is not

one-to-one but f’ vanishes nowhere in C\{0}.
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Conformal mappings

Conformal mappings

Remarks

@ There is a geometric consequence of the condition f'(z) # 0 and it is
at the root of this discrepency of terminology in the definitions. A
holomorphic map that satisfies this condition preserves angles.

@ Loosely speaking, if two curves v and 7 intersect at zy, and « is the
oriented angle between the tangent vectors to these curves, then the
image curves f oy and f o7 intersect at f (z), and their tangent
vectors form the same angle a.

@ We will always mean, as is the general practice is complex analysis
that conformal mapping is one-to-one onto holomorphic function.

@ The set of all automorphisms of € is a group under composition of
mappings and we denote it by Aut(Q).

@ For A\ € C with |A\| =1, we observe that z — Az is an automorphism
of D = D(0,1) and this automorphism is called a rotation.
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Explicit Conformal Mappings

Upper half-plane and the unit disc

Theorem

Let Q1 =H={z€C:lmz>0}and Q=D ={ze€ C:|z| <1}. Then
the map F : Q1 — b, given by

F(z) = j;j for ze )y,

is a conformal map with the inverse G : Qy — €1 given by

d—w
G(W)—11+W for

w € Q.

In other words, €21 and Q5 are conformally equivalent.
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Explicit Conformal Mappings

Upper half-plane and the unit disc

= :jr—; for z € Q4.
e F is one-to-one. Indeed, if F(u) = F(v), then

Proof: Recall that F(z)

i—u i—w

i+u  i+w

<— 2iu = 2iw.

@ Further we observe that F is analytic in Q3 since —i ¢ Q.

o Let z € Q; and write z = x + iy with y > 0. Then

—x—i(y —1)
F(Z) a m.
@ Thus

2 2
+ty-1
F(z)]? = F(z)F(2) = = 1
F@F = FEFE) = e <
and hence F(z) € Qp since y > 0.
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Upper half-plane and the unit disc

@ It remains to show that F is onto. Indeed, let w € Q5 and we write

w = u+ iv with u? + v? < 1.
o We find z € Q; such that F(z) = w. Thus
i —z

I+ 2z

:W7

and then

(l1—w (l1—u—iv (1=—uv—iv)(1+u—iv)
Z =1 —_— =1 _— =1 .
1+w l+u+iv I+u+iv)(1+u—iv)

@ Therefore
1—u?—v2

m(z) = Aoz 2

> 0,

and hence z € Q5.
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Explicit Conformal Mappings

Upper half-plane and a sector

Theorem
Forn e N, let

le{ze(C:0<argz<%}

and Qp = H. We show that €1 and £ are conformally equivalent.

Proof: For this, consider holomorphic function
f(z)=2z" for ze .
o We write z = re’® with 0 < 6§ < Z, then f(z) = r"e.
@ Thus f is a function from €1 into €25, since
Im(f(z)) =r"sinnd >0 for 0<6< %
e f is one-to-one. Indeed, let z1,2z € Q; with f (z1) = f (z2) and
02

. . . 7'['
71 = rle'61,22 = pe' with 0<6; <6, < —.
n
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Explicit Conformal Mappings

Upper half-plane and a sector

@ Then
e = ppeindz
implying
(:1> = "% — cos (n (0 — 1)) + isin (n (62 — 61)) .
2

@ By comparing the imaginary parts on both sides, we obtain that
sin(n (62 — 61)) = 0 implying #; = 65 since 0 < n(6, — 01) < .
@ Hence rn = r» and then z; = z, proving that f is one-to-one.
e Now, we show that f is onto. Let w = Re’® € Q5. Then 0 < ¢ < .
o Setting w!/" by taking the principal value of logarithm, we see that

1 1log RLi®
Wl/” — en98W — gplogR+7y € Qq,
and f (Wl/”) = w.

@ Hence €7 and 2, are conformally equivalent. O

(MATH 503, FALL 2025) Lecture 13 October 20, 2025 9/32



Upper half-plane and the positive quadrant of C

Theorem

Let Q1 = {x+iy:y >0,x>+y? <1}, be the upper half disc and
Qo ={u+iv:u>0,v>0} be the positive quadrant of C. Then the
mapping

14z

1-=z

is a conformal mapping of Q1 onto €2,.

f(z) =

Proof: Let z = x4 iy € Q1. Then |x| <1,y > 0,x*> + y?> < 1 and

flz) = l+x+iy  (A+x+iy)(1—x+iy)
l—-x—iy (Q-x—-iy)1—x+1iy)
-4y .y
BN R (R

Since Re(f(z)) > 0 and Im(f(z)) > 0, we see that f(z) € Q».
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Upper half-plane and the positive quadrant of C

It is clear that f is analytic in Q; since 1 ¢ Q.

f is one-to-one, since f(z) = 12 = tw — ¢

(w) implies 2z = 2w.
It remains to show that f is onto. Let w = u+ iv € €5. Then
u>0,v >0 and we shall find z € Q; such that f(z) = w.

Thus i%j = w and then

) ut1)
w+1l (u+D+iv ((u+1)+iv)(u+1)
_ w4 v2 -1 . 2v
C(u+1)2 402 +I(u+1)2—|—v2'

V)
)

—
—

w—1 (u=D+iv_ ((u—1)+iv)((
(

Thus Im(z) > 0 since v > 0. Further |z| < 1 since |w — 1| < |w + 1]
whenever w lies in the first quadrant and hence z € ;. O
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Upper half-plane and a strip

Theorem

Let Q1 = H be the upper half-plane and Q; = {u+iv:0< v <7} be an
open strip. Then Q1 and 2> are conformally equivalent.

Proof: Let us consider

f(z)=logz, for ze€Q,
where the branch of logarithm is principal.

@ Then f € H(Q1) and one-to-one. We show that f is onto.
o Llet w=u-+iveQ, Then 0 < v < m and we take

z=¢e" =e"e" = e“(cosv + isinv).
@ Thus
Im(z) = eYsinv >0
since 0 < v < m. Therefore z € Q; and f(z) = w.
@ Hence f is a conformal mapping between €2; and Q5. O
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Explicit Conformal Mappings

Schwarz lemma

Theorem
Let f be holomorphic in the open unit disc D.

o If f satisfies |f(z)| <1, and f(0) =0, then |f(z)| < |z| for |z| < 1
and |f'(0)| < 1.

e If|f(z)| = |z| for some z € D or |f'(0)| =1, then f(z) = cz in D for
some constant ¢ whose absolute value is 1.

Proof: Let

UG PT 1)
g(z) = P g
(0), ifz=0.

@ Then g is analytic in |z| < 1 since f(0) = 0.

o For 0 < r < 1, we derive from the maximum modulus theorem that

1 1
max |g(z)| = max|g(z)| = — | max|f(2)] | < -.
max e(z)| = maxg(2) = (mexlf(2)]) < &
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Explicit Conformal Mappings

Schwarz lemma

o Letting r tend to 1, we get
lg(z2)| <1 in |z] <1

@ Hence,
If(z)| <z in |z|<1.
@ Assume that either |f (z9)| = |z| for some |z| < 1 or |f'(0)] = 1.
@ Then g(z) =1 for some |z| < 1. Therefore g is constant in D of
absolute value 1 by the maximum principle.
@ Then f(z) = cz in |z| < 1, where c is a constant with |c| = 1. O

Definition
For a € D, we consider a function ¢, : Coo — Co given by

$alz) = —— (*)

1-—3z
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Explicit Conformal Mappings

Schwarz lemma and its consequences

asa(l
a

6a(0c) =3, d-a(o0) = 2.

@ We observe that

Lemma

Letac D and T ={z € C: |z| =1} be the torus.

(i) ¢, is one-to-one, onto and the inverse of ¢, is ¢_, and ¢,(a) = 0.

(ii
(iii

2 is ana/ytlc in D (0, 5) containing D(0,1).

) ¢
) ¢a(T) =
) ¢
) ¢

(iv) ¢a(D)=D.
(V) 6,(0) = 1~ |aP, and 6,(3) = L.
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Explicit Conformal Mappings

Schwarz lemma and its consequences

Proof (i): We show
$_a0¢a(z)=2z, and ¢i0¢_s(z)=z for zeC.

We prove the first and the proof for the latter is similar.
o If z = o0, then

b0 ba(00) = b_s <—i> o

o If z= % then
1
D_520¢, <a) = ¢fa(oo) =

@ Therefore we may assume that z # % and z # co. Now

z—a\ T2 ta z(1-aa)
1-3z) 1+3z22 1-—aa

:Z’

600 0a(2) = 64 (

since aa = |a|> < 1 for a € D. O
Lecture 13 October 20, 2025 16 /32



Explicit Conformal Mappings

Schwarz lemma and its consequences

Proof (ii): Note that ¢,(z) is analytic in C except at z = < with % > 1.

o letl<r< % then ¢,(z) is analytic in D(0, r).
e Since D C D(0, r), the assertion follows.
Proof (iii): For t € R, we have

it it
iy €' —a  e'-—a
Pa (e ) 71— Felt eit (e—it _ 5)‘
@ Therefore '
|62 ()] = 1.
@ Thus ¢,(T) C T. Similarly ¢_,(T) C T, implying
T € ¢4(T).

Hence ¢,(T) =T.
Proof (iv): It follows from (iii) by the maximum modulus principle.
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Explicit Conformal Mappings

Schwarz lemma and its consequences

Proof (v): We have
(1—-3az)—(z—a)(—a)

oz =
l-—aa  1-]af?
C(1-22)2 (1-az)?
@ Thus
¢5(0) =1 — |al?,
and
o(a) = T~

(1-[a)*  1-laf

@ This completes the proof the lemma.
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Explicit Conformal Mappings

Schwarz lemma and its consequences

Lemma

Let f be non-constant and analytic in D, and satisfy |f(z)| < 1 for z € D.
Let w € D with f(w) = a. Then

! 1_‘3‘2
’f(W” < ﬁ

w|?
Moreover equality occurs only when

f=¢_s0(coy) in D,

for some constant ¢ whose absolute value is 1.

Proof: We consider
g(z)=¢a0fod_yn(z) in |z]<1.
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Explicit Conformal Mappings

Schwarz lemma and its consequences

@ Then by the previous lemma (i), (ii) and (iv), we see that g(z) is
analytic in |z| < 1 satisfying |g(z)| < 1 for |z| < 1 and
g(0) = gaofop_(0) = ¢sof(w)=¢a(a) =0.
@ Thus the assumptions of Schwarz lemma are satisfied and hence we
conclude that
g'(0)] < 1.
@ Now we compute g’(0) by using the previous lemma (v):
g'(0) = (¢ao f) (9-w(0)) ¢",,(0)
= (1= |wl?) (¢a0 f) (w)
(1—|wp? )qﬁa f(W )f'(w)
= (1- ) 4,
_ 1-— ‘W’2 !
=T (w).
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Explicit Conformal Mappings

Schwarz lemma and its consequences

e By |g/(0)] < 1, we obtain

/ 1_|a’2
Wl <1

@ Suppose that we have equality above. Then |g’(0)| = 1.

@ Now we derive from Schwarz lemma that there exists a constant ¢
with |c| = 1 such that

g(z)=cz for |z] <1l

@ Therefore
paofod_y(z)=xc(z) for |z|<1,
where xc(z) = cz. Thus

f=¢_a0Xc0odw=0¢-a0(chdw)inD. )

(MATH 503, FALL 2025) Lecture 13 October 20, 2025 21/32



Explicit Conformal Mappings

Disc automorphisms

Theorem
Let f be an automorphism of D and w € D such that f(w) = 0. Then

f=coy inD

where ¢ is a constant of absolute value 1.

Remark

We observe that rotation is an automorphism of D. On the other hand,
the theorem with w = 0 yields that all the automorphisms of D carrying
the centre to centre are given by rotations.

Proof of the theorem: Let h be the inverse of f. Then

h(f(z))=z for zeD, and h(0)=w.
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Explicit Conformal Mappings

Disc automorphisms

@ By the inverse mapping theorem, h € H(D) and h(z) # 0 for z € D.

e By differentiating both sides of h(f(z)) = z, we obtain
H(f(z))f'(z)=1 for zeD.

Setting z = w, we have W (f(w))f'(w) = H(0)f'(w) = 1.
Now we derive from the previous lemma with a = 0 that

, 1
|f(W)} < m7

[H(0)] <1 —|wf,

and hence
1

|f’(W)} = 1_7‘“/’2

By the previous lemma applied again, we conclude that
f =¢oocoy =coy inD

where ¢ is a constant of absolute value 1.
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Explicit Conformal Mappings

Automorphisms of the upper half-plane

Definition
Denote by G = SLo(R) the set of all 2 x 2 matrices

(2 8)

with a, b, ¢, d € R such that its determinant ad — bc is equal to 1.
@ It is clear that G is a group under matrix multiplication.
@ For M € G, we denote

az+b

m(z) = oid

@ For M € G and N € G, we check by direct computation that

fMN = fM ¢} fN-
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Explicit Conformal Mappings

Automorphisms of the upper half-plane

Lemma (A)
Let M € G. Then fyy € Aut(H).

Proof: Fix M € G, then it is clear that fy; is analytic in H since —% ¢ H.

o Let z€ H with z=x+1iy. Then y > 0 and

Im (fu(2)) = Im <"Z+s> —Im <"X+b+’ay>

cz + cx +d +icy
m <(ax + b+ iya)(ex+d — iyc)>
(ex + d)? + c?y?
_ (ex+d)ya— (ax + b)yc
(cx + d)? + c2y?
y

- (cx + d)2 + c2y? >0,

since ad — bc = 1. Thus fy; is analytic function of H into H.
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Explicit Conformal Mappings

Automorphisms of the upper half-plane

o Let fyy(z1) = fpm (22). Then (ad — bc)zy = (ad — bc)z implying

71 = Z», since ad — bc = 1. Therefore fy; is one-to-one as desired.

@ We show that fy is onto. Let N € G be the inverse of M. Then

N:( d —b>7
—c a

and we check that for z € H we have

+b

dz—b
fu (| ——— | = fu (fu(2)) = 7—&“
M (—cz+ a> w (fn(2)) = Cz+a +d —Z

since ad — bc = 1.
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Explicit Conformal Mappings

Automorphisms of the upper half-plane

Lemma (B)
Let z,w € H. Then there exists M € G such that fy(z) = w. {

Proof: Let z = x+ iy € H, then y > 0. Let b and ¢ # 0 be real numbers
to be specified later.

@ Set M = M, M, where

0 —c! 1 b
Ml_(c 0 ) M2_<0 1>‘

o It is clear that My, M, € G and thus M € G.

@ Then, we have

1
fM(Z) = sz (¢] fMl(Z) = f/\/[2 <_C22> .
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Explicit Conformal Mappings

Automorphisms of the upper half-plane

1 y
Im(-——)=—-"—-=1
’“< c2z> 2z

by choosing ¢ suitably. Further we write

@ We observe that

1
—sz—i-i, where y € R.

@ Then, we also see that
fm(z) = fm,(x + i) =x+b+i
@ Choosing b = —x we obtain
fm(z) =1i.

o Let w € H. Similarly, as above, there exists M3 € G such that
fury(w) = i. Let My = My *M. Then My € G and

fm,(z) = fM3—1 (fu(z)) = fM3—1(i) = w. O
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Explicit Conformal Mappings

Automorphisms of the upper half-plane

Lemma (C)
For 0 € R, let
cosf —sinf
Mo = ( sinf cosf >’

and .

i—z

F(z) = - for zeH.

1+ z

Then '
Fofy,oF(z)= e 2%z for zeD.

Proof: We know that F is a conformal mapping of H onto D.
@ For 8 € R, let .
Mo(z) =e 2%z for zeD.
o It suffices to show that

Fofpm, =XgoF inH.
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Explicit Conformal Mappings

Automorphisms of the upper half-plane

@ Indeed, if Fofy, = A\go F, then for z € D, we have

F o fu, o F}(z) = F o fi, (F(2))

=Xgo F (F1(2)) = X(2) = e 20z,

@ Now for z € H we have

Fofu,(z) = F (fm,(2)) =F <

zcosf—sinf
zsin f+cos 6
: zcosf—sinf
I+ z sin §+4cos 8
isin® — cos ) + (i cosf + sin )
isin@ + cosf) + (i cos @ — sin )

—ze 0 4 jei0 e72’-‘9i -z

zcosf —sinf
zsinf + cos 6

| —

_

Z(
—2ip

e ™ — e 20F(5).

zelt + jel® i+z € (2)
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Explicit Conformal Mappings

Automorphisms of the upper half-plane

Theorem

We have
Aut(H) = {fy : M € G}.

Proof: By Lemma (A) we have {fyy : M € G} C Aut(H) it suffices to
show that Aut(H) C {fy : M € G}.

o Let f € Aut(H). Then there exists 5 € H such that f(8) = i.

e By Lemma (B) there exists N € G such that fy(i) = 5. We set

g:fofN.

e Then g(i) = f (fy(i)) = f(8) = i. Now we consider Fogo F1,

where F(z) = =2, We observe that F o g o F~1 € Aut(D) and
1+z
FogoF1(0)= F(g(i)) = F(i) = 0.
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Automorphisms of the upper half-plane

@ Hence we conclude that there exists § € R so that
FogoF t=tinD,

where
to(z) =e 2%z for zeD.

@ Further, we see from Lemma (C) that
Fofy,oF*=tginD.
@ Thus we conclude that

fOfN:g:fMe.

@ Hence
f = fMgN_l
and MyN~1 € G.
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