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Phragmen-Lindel6f method

Maximum modulus principle

Definition
Let f be defined on Q and a € Q. Then |f] has a local maximum at a if
there exists 0 > 0 such that D(a,d) C Q and |f(a)| > |f(z)]| for every

z € D(a,d). Further, we say that |f| has no local maximum in Q if ||

does not have local maximum at every point of Q. Similarly, we define a
local minimum.

Theorem
Suppose that Q is a region and f € H(Q).

(a) Then |f] has no local maximum at any point of Q, unless f is
constant.

(b) Moreover, if the closure of Q is compact and f is continuous on ,
then

sup |f(z)| < sup |f(2)].
zeQ z€0N
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Phragmen-Lindel6f method

The boundedness of €2 in the previous theorem is necessary

Remark

@ Thus the maximum modulus principle is not valid in unbounded
open sets. We elaborate it by the following example. Let

. 7r ™
Q:{Z:x+ly:—§<y<§}

and
f(z) = exp(exp(2)).

@ Then Q is unbounded and max,cpq |f(z)| = 1, since
. . .
‘f (xj: 5/)) = ‘exp (exp (xi E/))‘ = |exp(£iexp(x))| = 1.

@ On the other hand, f(x) = e®" — 0o as x tends to infinity through
positive reals.
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Phragmen—Lindelof method

@ It has already been pointed out that the maximum modulus principle
need not be valid in unbounded regions.

@ We will illustrate the Phragmen—Lindelof method, which will enable
to us to prove that a function is constant in a region whenever we
control its growth in the region.

@ We need not necessarily assume that a function is bounded in the
region for concluding that it is constant as is the case of the Liouville
theorem.

e For example, an entire function f(z) is constant if
F(@)] < 1+ef?

for z € C.
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Phragmen—Lindelof method

Theorem
For given a, b € R, let

Q={(x+1iy):a<x< b}

Let f be continuous on Q and f € H(Q) and assume that |f(z)| < B for
z€ Q and fixed B> 0. Fora<x <, let

M(x) = sup{|f(x + iy)| : —o0 < y < o0}.

Then we have

(M(x))*72 < (M(a))>*(M(b)y*?  for a<x<b. (*)
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Phragmen-Lindel6f method

Phragmen—Lindelof method

Proof: For ¢ > 0, we consider f + ¢ in place of f if M(a) =0 and f —¢ in
place of f if M(b) =0 and let € tend to zero to observe that there is no
loss of generality in assuming that M(a) > 0 and M(b) > 0.

e Forz e Q, we write z = x + iy with a < x < b.

Claim

Suppose that the theorem is valid for all functions f satisfying the
assumptions of the theorem together with M(a) = M(b) = 1.

@ We now prove the general case. Let
b=z z—a
g(z) = (M(a))#==(M(b))?==.
@ We observe that g(z) is analytic in C and it has no zero in C. Further
b—x x—a
lg(2)] = (M(a))5=2 (M(b)) =,

and the exponents on the right-hand side above lie in [0, 1].
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Phragmen—Lindelof method

@ Therefore

lg(z)|>1 for z€Q
where
7 = min(1, M(a)) min(1, M(b)) > 0,
and
lg(a+iy)| = M(a), and |g(b+iy)| = M(b).
@ Now we consider h(z) = ;2 )) By the definition of h and our
assumption M(a) = M(b) = 1, we see that
sup  |h(a+iy)|= sup |h(b+iy)| =1,
—oo<y <00 —oco<y <00
and
|h(z)| < Br™! for ze€Q.
@ Therefore h satisfies the assumptions of the theorem. Hence

lh(x+iy)| <1 for a<x<b.
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Phragmen—Lindelof method

o

—x xX—

2 (M(b))>-

o

o Using [g(2)| = (M(a))

[f(x+ i)l < lg(x + iy)| = (M(a))®
which implies (*).

@ It remains to prove the theorem when M(a) = M(b) = 1, which we

assume from now on and we complete the proof by showing that
M(x) <1 fora<x<b.

@ Since f is continuous on Q and |f(z)| < B for z € Q, we see that

> and |h(x + iy)| < 1, we have

a(M(b))b=2 for a<x<b,

If(z)| < B for zeQ.
@ For ¢ > 0, we define
B 1
Clte(z—a)
e For a fixed z € C, we see that lim._, h-(z) = 1.
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Phragmen—Lindelof method

@ Therefore it suffices to prove for every € > 0 we have
|f(z)he(2)| <1 for ze€Q.
o First, we estimate h.(z). We observe that
Re(l+e(z—a))>1 for zeQ.
@ Therefore
1 _

< <1l f Q.
“Re(l—i—a(z—a))_ or €

|he(2)
o Next
[Im(1+¢e(z—a))| >ely| for zeQ,
and therefore

B _
— for ze€qQ.
elyl
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Phragmen-Lindel6f method

Phragmen—Lindelof method

@ In particular

o |

[f(2)he(2)| <1 if z€Q and |Im(2)]>

@ We consider the closed set S consisting of rectangle as here

(a, B) (b, 2)

October 13, 2025
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Phragmen—Lindelof method

Since M(a) = M(b) = 1, we see from (A) and (B) that
|f(2)he(2)| < 1 for z € S
@ Therefore by the maximum principle, we have
f(2)ho(z)| < 1forz€S.
@ Also by (B) we conclude that
|f(2)he(2)| <1 for z € Q\S.

@ Hence
[f(z)he(z)] < 1for z€ Q.

This proves the theorem.
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Phragmen—Lindelof method

Corollary

Suppose that the assumptions of the previous theorem are satisfied.
Further suppose that f is not constant. Then

|f(2)| < max(M(a), M(b)) for ze€Q.

Proof: Assume that M(a) # M(b). By the previous theorem, we have
M(x)P~2 < (max(M(a), M(b)))>=2 for a<x<b.
Therefore, the assertion follows, since
M(x) < max(M(a), M(b)) for a<x<b.

Let M(a) = M(b). Then, by the previous theorem as above, we have
M(x) < M(a) for a < x < b. We fix arbitrary zp € Q. Then there is r > 0
such that D (2, r) C Q. By the maximum principle, we have

|f (20)| <| ma‘x |f(z)] < M(x) < M(a) forsome a<x<b. O
z—2zo|=r
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Phragmen-Lindel6f method

Hadamard three-circle theorem

Theorem
Let 0 < R; < Ry < 00 and

A(O;Rl,RQ):{ZECZ Ry < |Z’<R2}.

Let g(z) be continuous in A(0; Ry, Rx) and holomorphic in A(0; Ry, Ry).
Let

B(R) = ‘rzr‘g;;\g(Z)I for RI<R<R,.

Then

(B(R))Iog Ry—log Ry < (B (Rl))log Ry—log R (B (Rz))IOg R—log Ry

forngRng.
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Phragmen-Lindel6f method

Hadamard three-circle theorem

Proof: Let Q = {x+ iy € C:logR; < x < log Ro} and let e(z) = &*.

@ We observe that e(z) € A(0; Ry, Ry) for z € Q. Thus e is a function
from Q into A(0; Ry, R2). Further it is onto.

@ Moreover it maps a vertical line in Q passing through (x,0) onto a
circle {ze€ C: |z| = €*} in A(0; Ry, Ry).
o Next we write f(z) = g(e(z)) for z € Q.

o We observe that f is continuous in Q and analytic in 2. Since
A(0; Ry, Ry) is compact, we see that f is bounded on .

@ Thus f satisfies all the assumptions of the previous theorem. Further
for R1 < R < Ry, we have

M(log R) = sup{|f(log R+ iy)| : —00 < y < o0}
= sup {g (Reie) :0<0< 27r} = B(R).
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Phragmen-Lindel6f method

Hadamard three-circle theorem

@ Hence we conclude from the previous theorem with a = log R; and
b = log R that

(M(log R))°8Re=108 R < (M (log Ry))'°& Re~96 R (1] (log Ry))'ER1ogR:
@ This together with
M(log R) = sup{|f(log R+ iy)| : —o00 < y < o0}
= sup {g (Rei0> :0<60< 27r} = B(R),
implies that

(B(R))Iog Ry—log Ry < (B (Rl))log Ry—log R (B (R2))|Og R—log Ry

for Rl < R < R2.
@ This completes the proof of Hadamard’s theorem. O

(MATH 503, FALL 2025) Lecture 11 October 13, 2025 15/28



Phragmen-Lindel6f method

Phragmen—Lindelof method: applications

Theorem
Suppose

Q:{x+iy€C:|y]<g}.

Suppose f is continuous on Q,and f € H(Q), and there are constants
a <1, A< oo, such that

|f(z)| < exp{Aexp(c|x|)}, whenever z=x+iy€Q,
and

‘f(xi?)‘gl for —o0<x < o0.

Then |f(z)| <1 for all z € Q.

@ Note that the conclusion does not follow if o = 1, as is shown by the
function exp(exp z).
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Phragmen-Lindel6f method

Phragmen—Lindelof method: applications
Proof: Choose 8 > 0 so that a < 8 < 1. For € > 0, define
he(z) = exp {—5 (eﬁz + e_ﬁz>} .

e For z € Q, we have

Re [eﬁz + e‘ﬂz} = <e’8X + e‘ﬂx) cosfBy >0 <eBX + e_ﬁx) ,
where § = cos(7/2) > 0, since || < 1. Hence

|he(z)| < exp {—56 <eﬁx + e‘ﬁx)} <1 for zeQ.

o It follows that |fh.| < 1 on O and that

[f(2)h(2)| < exp {AeaM —&d <eﬁx + e_ﬁx)} for zeQ.
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Phragmen-Lindel6f method

Phragmen—Lindelof method: applications

@ Fix € > 0. Since €6 > 0 and 8 > «, we have

lim (Ae""x| —&d (eﬁx + efﬁx) ) = —00

x—Fo00

@ Hence there exists an xg so that
[f(2)he(2)] <1 forall x> xo.

@ Since |fh:| < 1 on the boundary of the rectangle whose vertices are
+xp & (7i/2), the maximum modulus theorem shows that actually
|fhe| < 1 on this rectangle.

@ Thus |fh:| <1 at every point of Q, for every £ > 0.

lim h.(z) =1 forevery zeC,
e—0

so we conclude that |f(z)| < 1 for all z € Q as desired. O
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Applications in harmonic analysis

Riesz interpolation theorem

Theorem

Let (X, p) and (Y, v) be two o-finite measure spaces. Let T be a linear
operator defined on the set of all finitely simple functions on X and taking
values in the set of measurable functions on Y. Let 1 < pg, p1,qo, g1 < 00
and assume that

IT(FA)[oo < Mol[fllero,  and | T(F)l|Lar < Mul|f[[ren,
for all finitely simple functions f on X. Then for all 0 < § < 1 we have
IT(A)llee < My~ ML F]lue (*)
for all finitely simple functions f on X, where

1 1-6 96 1 1-6 6
g +— and - = +—. (**)
P P P 9 Qo @
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Applications in harmonic analysis

Riesz interpolation theorem

Remarks
@ Recall that a simple function is called finitely simple if it is supported
in a set of finite measure. Finitely simple functions are dense in
LP(X, p) for 0 < p < oo, whenever (X, 11) is a o-finite measure space.
o Consequently, when p < oo, by density, T has a unique bounded
extension from LP(X, u) to L9(Y,v) when p and g are as in (**).

@ The proof will be based on the following lemma:

Lemma

Let F be analytic in the open strip S = {z € C: 0 < Rez < 1},
continuous and bounded on its closure, such that |F(z)| < By when
Rez =0 and |F(z)| < By when Rez =1, for some 0 < By, By < .
Then |F(z)| < Bé_eBla when Rez =6, for any 0 < 6 <1.

Proof: Exercise! O
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Applications in harmonic analysis

Riesz interpolation theorem
Proof: Let

m
§ : ia

f= aigé kXAk
k=1

be a finitely simple function on X, where ax > 0, o are real, and Ay are
pairwise disjoint subsets of X with finite measure.
@ We need to control

1T =0 | | TNl )dety)
g
where the supremum is taken over all finitely simple functions g on Y
with L9 norm less than or equal to 1.
o Write

n
g=2_ b,
j=1

where b; > 0, 3; are real, and B; are pairwise disjoint subsets of Y’
with finite v measure.
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Applications in harmonic analysis

Riesz interpolation theorem

o Let
P P q q
P(z) =—(1—2)+ —~z and Q(z2)=—(1-2)+ —=z.
(2) Po( ) o (2) qé( ) 7
@ For z in the closed strip S = {z € C: 0 < Rez < 1}, define
A ST LT SYCC N
k=1 j=1

and
F@) = [ T8 (et)dvly)
@ Notice that fy = f and gy = f. By linearity we have
F(z) =33 a @b Peionels /Y T (xa) (") xg;(y)dv(y)
k=1 j=1
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Applications in harmonic analysis

Riesz interpolation theorem

@ Since ay, bj > 0, F is analytic in z, and the expression

/Y T (xa) (V) xg, (¥)dv(y)

is a finite constant, being an absolutely convergent integral; this is
seen by Holder's inequality with exponents go and g; (or g1 and ¢qf )
and our assumption

[Tl < Mol|flleeo, —and  [|T(F)l[Lar < Ma[F]|Len.

@ By the disjointness of the sets Ax we have (even when py = o0)
Nz
[fitll Lo = [IF11 5

P
. P(it)| _ _pg
since |a, =a, .
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Applications in harmonic analysis

Riesz interpolation theorem

@ By the disjointness of the B; 's we have (even when gqo = 1)
4

7
lgiell,o = gl

‘L
a

= b Jo
@ Thus Holder's inequality and the hypothesis give

‘bQ (it)

since

IFG < [T (fie) l oo ll il o
< Mo ||fit||Lpo 18itll

/

= MoIIfH Hgll
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Applications in harmonic analysis

Riesz interpolation theorem

@ By similar calculations, which are valid even when p; = co and

g1 = 1, we have
P

[ Fitiell o = 1F1l 5

and
q

lgr+iell o = llgll
@ Proceeding as on the previous slide we deduce that

/
q

[F(1+it)] < /V/leII &l

@ We observe that F is holomorphic in the open strip S and continuous
on its closure. Also, F is bounded on the closed unit strip (by some
constant that depends on f and g).

(MATH 503, FALL 2025) Lecture 11 October 13, 2025 25/28



Applications in harmonic analysis

Riesz interpolation theorem

@ Therefore, using the lemma from the previous remark, we deduce that

q/ 1-6 q/ 0
\F(Z)|§<MonH lell® ) <M1Hf|! el )

= My~ MY ||| o llg | o
when Rez = 6. Observe that P(6) = Q(6) = 1 and hence
F(6) = / T(f)gdv
Y
@ Taking the supremum over all finitely simple functions g on Y with

L9" norm less than or equal to one, we conclude the proof of the Riesz
interpolation theorem. []
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Applications in harmonic analysis

Young's convolution inequality

Theorem

If1<p,q,r < oo satisfy

1 1 1
—4+l==+>.
q por

Then for all functions f € LP(R) and g € L"(R) we have

I *gllawy < Ifllem)llgllLrr)s

where f x g is the convolution of f and g, which is defined by

frg(x)= /R f(x—y)g(y)dx = /R f(y)g(x — y)dx.
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Applications in harmonic analysis

Young's convolution inequality

Proof: Fix a function g in L"(R) and let T(f) =f xg.
@ The operator T maps L}(R) to L"(R) with norm at most ||g||.r,
(Why?).
e The operator T also maps L (R) to L>°(R) with norm at most
1g]ler (Why?).
@ The Riesz interpolation theorem gives that T maps LP(R) to L9(R)
with norm at most the quantity

0 —6
lgllz gl = llgller,

where
1 1—-6 6 1 1-6 0
—=——+— and -—= —
p 1 r’ q r o0
@ This completes the proof of Young's inequality. O
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